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The f i n i t e  element technique is  extended t o  the  re f ined  analysis  
of multi layer beams, p la tes  and s h e l l s  w i t h  no r e s t r i c t i o n  placed upon 
t h e  r a t i o s  of t h e  layer  thicknesses and propert ies .  
applicable t o  s t ruc tures  wherein shearing deformations are s ign i f i can t ,  
including sandwich-type s t ruc tures .  
The method is 
Element s t i f fnes ses  developed are based on polynomial displaceme2t 
models and are f o r  t h e  l i n e a r  e l a s t i c  analysis  of beams, c i r c u l a r  
p l a t e s ,  and t h i n ,  axisymmetric shells of a r b i t r a r y  meridian. Although 
s t i f fnes ses  derived are f o r  three-layered construction w i t h  similar 
facings,  t h e  proposed theory is appl icable  t o  any flexural elements 
and t o  any arrangement of laminations, provided the t o t a l  thickness 
is moderate. 
ro t a t iona l  shells. 
s t a t i c  analysis and f o r  free and forced s teady-state  v ibra t ion  analy- 
sis. 
determination of na tura l  thickness-shear frequencies and mode shapes 
i n  addition t o  f lexura l  v ibra t ion  cha rac t e r i s t i c s .  
Here, doubly-curved elements have been used t o  represent 
Computer programs have been wr i t ten  both f o r  
Inclusion of ro ta tory  as w e l l  as t r ans l a t iona l  i n e r t i a  allows 
Final ly ,  t he  use of v i scoe las t ic  layers  fo r  t h e  damping of 
flexural vibrat ions i s  discussed. 
due t o  such layers ,  t h e  analysis method is  extended by means of t h e  
correspondence pr inc ip le  f o r  l i n e a r  dpamic v i scoe la s t i c i ty .  
To determine the e f f ec t ive  damping 
Several examples a re  presented t o  i l l u s t r a t e  t h e  eff icacy of t h e  
method. Listings of t h e  computer programs f o r  axisymmetric s h e l l s  a r e  
given i n  the  appendices. 
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{ 1 = column vector  
< ? = row vector 
E 3 = r e c t a g u l a r  matrix 
f J = diagcnal matrix 
* = superscr ipt  indicat ing a complex quant i ty  
1 ,2  = subscr ipts  indicat ing t h e  pr inc ipa l  d i rec t ions  of t h e  shell 
reference surface;  subscr ipts  indicat ing t h e  r e a l  and imaginary 
pa r t s  of  a complex quant i ty ,  respect ively 
[A ]  = transformation matrix r e l a t i n g  l o c a l  nodal displacements t o  
l o c a l  generalized displacements 
a = area of reference surface over which s t r e s s e s  a r e  spec i f ied ;  
radius of cyl inder  o r  sphere 
[B] = matrix r e l a t i n g  eleme3t s t r a i n  ccnponents t o  element general- 
ized co-ordinates 
b = superscr ipt  indicat ing the  bottom (o r  i n s ide )  facing of 
sandwich construction 
[c] = matrix r e l a t i n g  t o t a l  element stresses t o  t o t a l  element s t r a i n s  
c = subscr ipt  indicat ing core layer  of sandwich construction 
T [D] = matrix product [Z] [C][Z] ; diagonal matrix of pivots  r e s u l t i n g  
from symmetric Gaussian elimination 
D = energy d iss ipa ted  i n  a s ing le  cycle of v ibra t ion  
d = thickness dis tance between middle surfaces  of facing layers  f o r  
symnet r i c  sandwich construct ion 
ds = element of a r c  length 
E = Young's modulus 
EIW) = complex modulus 
E ( t )  = re laxat ion modulus 
{ei) = vector which has a l l  elements zero except t he  ith which i s  uni ty  
[F] 
i f i )  = fth column of t he  f l e x i b i l i t y  matrix [F] 
= f l e x i b i l i t y  matrix of ove ra l l  assemblage of elements 
v i  
v i i  
f = subscr ipt  indicat ing t h e  face layers  of sandwich construction 
[GI = matrix of l aye r  bending, extensional and shear s t i f f n e s s  
(Eq. 11.27) 
G = shear modulus 
h = t o t a l  thickness of s h e l l  
\ = thickness of t h e  kth layer  
i = subscr ipt  indicat ing the  ith node of an element 
* 
J(W) = complex compliance 
J ( t )  = creep compliance f’unction 
t h  
j = subscr ipt  indicat ing t h e  j node of an element 
[K] = s t i f f n e s s  matrix f o r  ove ra l l  assemblage of elements 
[k]  2 element s t i f f n e s s  matrix 
k = subscr ipt  indicat ing t h e  kth layer  
[L]  = lower u n i t  t r iangular  matrix of mu1t:piiers r e su l t i ng  from 
symmetric Gaussian elimination 
L = t o t a l  number of layers ;  span length of beam o r  cyl inder  
R = length of beam o r  p l a t e  element; chord length of s h e l l  element 
[MI = mass matrix f o r  ove ra l l  assemblage of elements 
M = moment s t r e s s  r e su l t an t  
N = extensional s t r e s s  r e su l t an t  
{PI = vector of nodal force  amplitudes f o r  s teady-stete  forced vibra- 
t i ons  
{p) = vector of loads 
= t ransverse load in t ens i ty  f o r  a beam o r  p l a t e  
= vector of element nodal forces i n  local co-ordinates 
pz 
{Q} 
Q = shear s t r e s s  r e su l t an t  
{q) 
{ R )  
= vector 0.f element nodal displacements i n  l o c a l  co-ordinates 
= vector of element nodal forces i n  global  co-ordinates 
R = principal  radius  of curvature of s h e l l  reference surface 
v i i i  
{ r l  
r 
= vector of element nodal displacements i n  global co-ordinates 
= radial co-ordinate fo r  a c i r cu la r  p l a t e  o r  r o t a t i o n a l  s h e l l  
{SI = vector of l aye r  stress r e su l t an t s  
s = meridional co-ordinate i n  curvi l inear  co-ordinates 
[TI = transformation matrix re la t i -ng l o c a l  co-ordinates ? 3 global  
co-ordinates 
1x1 = matrix product LA-'] [TI 





= g las s  t r a n s i t i o n  temperature of a polymer 
= m e l t  temperature of a pol-ymer 
= time; superscr'pt indicating the  top  (or  ou ts ide)  facing of 
sandwich construct; ion 
U = s t r a i n  energy 
{ul  
u 
= vector of element displacements i n  l o c a l  co-ordinates 
= t r n g e n t i a l  displacements ol' t h e  s h e l l  
up2 = l o c a l  t r ans l a t ions  of s u b s t i t u t e  she l l  element 
urgZ = t r ans l a t ions  of' a ro t a t iona l  s h e l l  i n  cy l ind r i ca l  co-ordinates 
(VI = yrector of nodal forces fcr the ove ra l l  assemblage of elements 
V 
{VI 
= po ten t i a l  energy of loads 
= vector of nodal displacement f o r  the ove ra l l  assemblage of 
elements 
v = volume of an element 
W = t o t a l  energy associated w i t h  t he  vibrat ing s t ruc tu re  
{w) 
w 
= vector of displacement amplitudes f o r  vibrefions 
= normal displacements of t h e  s h e l l  
[XI = symmetric matrix f o r  t he  eigenvalue problem i n  standard form 
{XI = eigenvector of t hc  matrix [XI 
x = generai l o c a l  co-ordinate (Section 11.2); a x i a l  co-ordinate of 
a beam (Sectfon 111.1) 
[ z ]  = matrix r e l a t ing  t o t a l  element straics t o  element s t r a i n  components 
i x  
= thickness co-ordinate f o r  beam o r  p l a t e ;  cy l ind r i ca l  co-ordinate 
f o r  ro t a t iona l  s h e l l  
= vector of element generalized co-ordinates 
= metrics of t h e  s h e l l  reference surface 
= f r e e  index; angle indicated i n  Figure 111.5 
= shear s t r a i n  
= index; logarithmic decrement of a damped s t ruc tu re  
= vector of t o t a l  l ayer  s t r a i n s  f o r  an element 
= vector of l aye r  s t r a i n  components f o r  an element 
= extensional s t r e i n  
= co-ordinate normal t o  the  shel.'. surface 
= l o c a l  r e c t i l i n e a r  co-ordinate (Figure 111.5) ;  loss  f a c t o r  of a 
damped s t ruc tu re  
= circumferential  co-ordinate; angle by which strail1 lags behind 
stress (Figure V . 1 )  
= change i n  curvature (Eqs. (11.10));  shear  stress correction 
f ac to r  (Section 11.1.3) 
= root  of eigenvalue problem i n  standard form 
= Poisson r a t i o  
= Gaxssian orthogonal curvi l inear  co-ordinates f o i  t h e  s h e l l  
surface (Figure 11.1); l o c a l  normalized co-ordinate f o r  9 
par t i cu la r  f i n i t e  elemen+ (Chap. 111) 
= t o t a l  po ten t i a l  energy of an element 
= density 
= vectcr of t o t a l  l ayer  stresses f o r  an element 
= exten,ional s t r e s s  
= shear stress 
= matrix r e l a t i n g  element displacements t o  eiexnent generalized 
dispiacements 
= angle indicated i n  Figures 11.5 and 11.6 
= ro t a t ion  of t h e  fangent t o  t h e  reference surface ( t o t a l  yota- 
t i o n )  
X 
= ro t a t ion  of the normal t o  the  reference sur face  (bending 





= ro t a t ion  due t o  sheariAAg deformation o u y  
= angle indicated i n  Figure 111.5 
= frequency of steady-state forced v ibra t ion  
= frequency of free v ibra t ion  
CHAPTER I: INTRODUCTION 
1.1. General Objective 
Multilayer construction has became an increas hglj important form 
in structural engineering as one means of achieving a beneficial com- 
bination of the properties of two or more materials. 
known ezamples of this type are the widespread "sanrkich" structures 
used in the aerospace industry. 
layers with a thicker, light-weight core. 
have also incorporated laminations of saterials selected for their anergy 
dissipation characteristics or their heat conduction properties. 
materials m e  being developed and as the technology of composite con- 
struction advances, there is a groving variety of versatile, multiply 
layered configurations available. 
Perhaps the best. 
These combine thin, high-strength facing 
Recently, layered structures 
A3 new 
'5e theory of stress analysis of multilayer structures is well est- 
ablished. 
identified: (1) "laminatesn in which layers of materials with similar 
properties are bonded together and for which the Kirchhoff-Love hypothesis 
is applied and (2) "sandwiches" i n  which some layers may be significantly 
weaker than others and for which transverse shear deformation is taken 
into account. Theory for the laminates [1-61 has been successfully 
In general, two classifications of such structures can be 
* 
applied to the analysis of 
the approximate methob of 
(81. Huwever, despite the 
-- 
* 
Numbers in brackets refer 
general plates and shells using, fo- example, 
finite differences [7] and finite elements 
availability of sandwich theories of various 
to references at the end of the paper. 
1 
2 
degrees of refinement i n  t he  l i t e m t u r e ,  there  have been r e l a t ive ly  few 
soiut ions published tha t  include the  e f fec ts  of transverse shear. 
over, these solutions have been r e s t r i c t e d  t o  the simpler geometries 
such as rectangular and c i r cu la r  p la tes  and cy l indr ica l  and spherical  
she l l s .  
More- 
Ihe purpose of t he  present work is t o  extend the f i n i t e  element 
method t o  the  analysis of sandsich p la tes  and she l l s .  Although spec i f i c  
solutions a re  t o  be presented here only f o r  axisymmetric cases, the same 
general approach, using exis t ing starzdard f i n i t e  element techniques, 
w i l l  p e x i t  the  analysis of a rb i t r a ry  configurations and boundary coDdi- 
t ions.  In  addition t o  the  study of s t a t i c  and dynamic e l a s t i c  problems, 
t h i s  paper s h a l l  a l so  consider t h e  s t r u c t u r a l  damping due t o  the inclu- 
s ion of v i scoe las t ic  layers .  
8s a natural  adjunct of t he  ordinary procedures of s t r u c t u r a l  analysis.  
The damping charac te r i s t ics  can be obtained 
3 
1.2. Survey of Previow rlorh 
This d i s se r t a t ion  is based upon material from th ree  areas of 
s t r u c t u r a l  engineering , namely, sandwich theory , t h e  f i n i t e  element 
methc , and struc+ura- damping. These topics are now b r i e f l y  reviewed. 
I 2.1. Sandwict Theoiy 
Extensive rck. ?ws and bibl iographies  of t h e  theory of sandwich 
s t ruc tures  are p-estnted i n  References [9-121, and the reader is referred 
t o  these f o r  a nore complete survey than the  one given here.  
The earliest applj-cation of sandwich c o n s t n c t i o n  w a s  i n  t h e  B r i t i s h  
a i r c r a f t  indust ly .  
on t h e  top ic  are t h e  works of Williams, Legget and Hopkins [13 ,  141. 
These authors accounted fo r  shear by assuming t h a t  material l i n e s  or ig i -  
na l ly  s t r a i g h t  and no7n.L t o  t h e  middle surface remain straight, but  do 
l o t  remain normal. Among t h e  increasing volume of literature published 
i n  t h e  postxar period are papers by E. Reissner [15, 161, Hoff and 
Mautner [I71 , Hoff [ 181 , and E-i.igen [19]. 
smdwich as t h i n  facings ac t ing  as membranes and a core with s ign i f i can t  
stresses only i n  t h e  t ransverse d i rec t ion .  The t ransverse  behavior 
includes both shear and normal deformation. 
t ke  equations of sandwich p l a t e s  and s h e l l s  are analogous t o  those of 
homogeneous s t ruc tures  fo r  which t h e  t ransverse e f f ec t s  ere taken in to  
account [15, 201. 
wich p l a t e s  using tha  same ss sumpt i~ns  [211. Hoff's work or. p la tes  
included t h e  f l exura l  r i g i d i t y  of t h e  facings i n  addi t ion t o  the  e f fec ts  
considered by Reissner. 
f l exura l  r i g i d i t y  of t h e  core,  neglecting on ly  t h e  shearing of the  p ia te  
facings . 
Consequently, some of t h e  fjrst published materials 
Reissner approximated t h e  
With these  s impl i f ica t ions ,  
Reisnner also studied t h e  l a rge  def lec t ions  of sand- 
Final ly  Eringen added t h e  influence of the 
h 
It has become customary t o  designate sandwiches described by theor ies  
which neglect t he  f l exura l  and s t re tch ing  e f f ec t s  of t h e  core (e.g. ,  
Reissner [151 and Hoff [l81) as having a "weak" or  "soft'' core and those 
which include these e f fec ts  (Wingen [19]) a "stiff" o r  "strong" core. 
An example of a she l l  theory f o r  weak or thotropic  cores is  t h a t  developed 
by Schmidt [221 , whereas Grigolyuk and Kiry-ukhin [231 have derived t h e  
shell equations f o r  or thotropic  facings and a s t i f f  or thotropic  core. 
Ncn-linear s h e l l  theories  for  l a rge  def lect ions of sandwiches w i t h  dis- 
s i m i l a r  facings fo r  t h e  case of a weak core have been published by 
Wempner and Baylor [241 , Wempner [251 and N t o n  [26]. 
pner included the e f f ec t  of t he  t ransverse normal deformation of t h e  
core, but  Grigolyuk and F'ulton assumed that the t ransverse displacement 
of all layers  is the same. 
Schmidt and Wem- 
Reissner [ I d ,  211 showed tha t  t h e  assumption of t ransverse incom- 
p r e s s i b i l i t y  i s  v a l i d  f o r  beams and p l a t e s ,  but  t h s t  t h i s  pinching e f f e c t  
could become important f o r  curved s t ruc tures  under some circumstances, 
such as uniform bendicg s t r e s s  states of soft-core shells. However, 
Ravi l le ' s  work [27-29] indicated t h a t  f o r  some purposes pinching may be 
neglected, and recent ly  developed sandwich theor ies  have tended t o  assume 
an i n f i n i t e  t ransverse core modulus 1121. 
of various approximations i n  sandwich theories  have been conducted by 
Koch [30] and Cook [Sl]. These two papers provide quant i ta t ive  evalua- 
t ions  of severa l  common assumptions, including those of s o f t  cores and 
membrane facings.  
Ot'ner s tud ies  on t h e  e f f e c t s  
I n  1959, Yu [32] presented a new sandwich theory which includes the  
bending and s t r e t ch ing  e f f ec t s  and t h e  t ransverse shear f l e x i b i l i t y  of 
a l l  layers .  
thicknesses and material propert ies  and has been extensively applied t o  
This theory places no r e s t r i c t i o n  on the  r a t i o s  of layer  
5 
v ibra t ion  problems of sandwich s t ruc tures  including both shear and rota- 
t o q  i a e r t i a  [33 - 411. 
fo r  two-layered p la tes  and s h e l l s  [421. Throughout these  works t h e  
t ransvzrse displacements of a l l  layers  are assumed t o  be t h e  same. 
vibrat ions of various types of sandwich s t ruc tures  have a l so  been 
s tudied by K i m e l  et al. [431 , Ravil le  e t  al. 1441, Boiotin [451 and Chu 
[461. Bieniek and F'ruedenthal [47] have invest igated the  forced vibra- 
t i ons  of cy l indr ica l  sandwich panels. 
have received the a t t en t ion  of Yu [48, 491 and Chu [ 501. 
In  addition, a s i m i l a r  approach has been used 
Free 
-- --
Fina l ly ,  non-linear vibrat ions 
There i s  not a l a rge  body of published solut ions f o r  s t a t i c  prob- 
lems of sandwich s h e l l s ,  although beam and p l a t e  problems have been 
more widely considered. Reissner 1161 has included some solut ions of 
spec ia l  cases and has emphasized t h e  s imi l a r i t y  between t h e  equations 
of sandwich theory and those f o r  homogeneous shells w i t h  o r  without 
t ransverse e f f ec t s .  Thus closed form and approximate solut ions of t h e  
types ava i lab le  f o r  ordinary shells are a lso  applicable t o  sandwiches 
under t h e  assumptions of Reissner's theory. 
discussed the  method of asymptotic in tegra t ion  as applied t o  homogeneous 
she l l s  of revolutioi. including shear. Some examples of more spec i f i c  
problems are those t r e a t e d  by Rossettos [52],  who considered shallow 
spherica; sandwich shells, and Kao [ 531 , who solved mult i layer  c i r cu la r  
cy l indr ica l  sandwiches. 
For instance,  Naghdi [51] 
1.2.2 The F in i t e  Element Method 
The f i n i t e  element method has developed concurrently w i t h  t he  
increasing use of high-speed e lec t ronic  d i g i t a l  computation and i t s  
concomitant emphasis on d iscre t ized  techniques i n  s t r u c t u r a l  anaiysis.  
In b r i e f ,  t h i s  method consis ts  of i i e a l i z i n g  t h e  s t ruc tu re  as an 
b 
assemblage of geometrically simple domains (elements). Simple, but 
relatively complete, displacement or equilibrium fields are assumed 
over each domain; and a variational principle of mechanics is employed 
to obtain a set of influence coefficients for the elemect. A set of 
linear algebraic equations for the overall assemblage is obtained by 
combining the coefficients for the individual elements so that contin- 
uity of the assumed quantities is preserved at the interconnecting 
nodes. 
solved to obtain the response of the structure. 
are assumed, the approach is called the "displacement method," and the 
resulting stiffness coefficients are an upper bound. Conversely, the 
"equilibrium method" (assumed equilibrium or stress models) results in 
a lower bound [64]. 
ment models over each domain is call.ed the "mixed method." 
majority of work in the finite element method as applied to structural 
mechanics has employed the displacement method, and the present work 
also follows this approach. 
tions, models are generally of polynomial form and that, too, is the 
case here. 
These equations are modified for the boundary conditions and 
If displacement models 
A combination of assumed equilibrium and displace- 
The vast 
Also, for ease in mathematical manipula- 
In general, the finite element method has proved to be a successful 
tool for the systematic analysis of ccmplex structures a d  the approxi- 
mate solution of difficult problems in continuum mechanics. 
A large number of papers has been published during the last decade 
on the finite element method, particularly on its applications to struc- 
tural mechanics. 
a survey of the basic methods, can be fo-and in References [ 5 4  - 601. 
The following review is confined to formative works and to 1:terature 
on the analysis of plates and shells by the displacement method. 
Comprehensive reviews and bibliographies, 6s well as 
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A primary stimulus to the development of the finite element analysis 
of structures was the formalization of the theory of matrix transforma- 
tion of structures by Argyris 1611. An early statement of the displace- 
ment approach was given by Turner et d. 1621; and, in a later paper, 
Turner [63] further systematized the analysis technique by formulating 
an efficient assembly process for the direct stiffness method. 
the mathematical foundations of the finite element approach were described 
by Felippa and Clough [601. 
essary requirements on the displacement model fhctions in order to 
obtain convergence to proper stiffness coefficients. 
which are also given in References [65, 57 - 591 , are that the displace- 
ment model must provide (1) compatibility between elements and continuity 
within the element and ( 2 )  completeness in the sense that rigid body 
modes and constant strain states must be included. It should be noted 
that in some cases useable results may be obtained with element displace- 
ment models which do not satisfy these requirements [66, 761. 
it is known that displacements will not converge to correct values as the 
mesh size is decreased, if the models fail to fulfill the requirements. 
Finally, 
This Reference includes a stateIcent of nec- 
These requirements, 
However, 
A comprehensive study of early plate bending elements was conducted 
by Clough and Tocher [66]. 
available were their own compatible triangular element [661 and the 
incompatible rectangular elements derived by Adini and Clough [671 and 
Melosh [68, 691. A compatible rectangle [ T O ]  was found less fsvorable 
mainly because it was lacking in completeness. Since then, improved 
results have been obtained by Felippa [57, 591 using compatible and com- 
plete triangles and arbitrary quadrilaterals composed of four such tri- 
angles. 
various degrees of refinement, i.e., various higher order elements .'-hat 
They concluded that the best elements then 
He formalized a procedure for developing triangular elements of 
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not only s a t i s f y  the  minimum conditions,  but a l so  provide ex t r a  degrees 
?f freedom which permit e b e t t e r  solut ion w i t h  a coarser mesh. Felippa 
[59] a l so  developed a bending tleLei16 f o r  p l a t e s  of moderate thickness 
which accounts f o r  t ransverse shear i n  a fashion analogous t o  Timoshenko 
beam theory [71, 721 and Mindlin's p l a t e  .;heory [731. 
Most f i n i t e  element analyses of a r b i t r a r y  shel l  s t ruc tu res  have 
eIiiployed f la t  t r iangular  elements. 
an assemblage of f la t  surfaces ,  t he  membrane and bending behavior a r e  
uncoupled within the  individual elements, but a r e  coupled by t h e  discon- 
t i n u i t i e s  of s lope at the interelement nodes. Clough and Johnson [741 
used a system employing f i v e  degrees of freedom at  each corner node and 
achieved sa t i s f ac to ry  results except i n  cases having complex membrane 
s t a t e s .  
freedon per node, obtaining b e t t e r  r e s u l t s  a t  the expense of a more com- 
p l ica ted  formulation. 
i n t o  a non-planar quadr i la te ra l  w i t h  f i v e  degrees of freedom a t  each 
corner. This last  technique provides superior  so lu t ions  even f o r  the  
troublesome cases. 
In  represent ing a curved surface by 
C a r r  [75] developed a re f ined  element w i t h  nine degrees of  
Final ly  , Johnson [ 761 combined four  f l a t  t r i ang le s  
A grea ter  amount of a t t en t ion  has been devoted t o  the  l e s s  d i f f i c u l t  
c l a s s  of s h e l l  problems, the axisymmetric case. The conical frustrum 
element has been widely used, although recent ly  th ree  axisymmetric types 
of doubly curved elements have been introduced. Two ea r ly  approaches 5y 
Meyer and Harmon [77] and Popov e t  al. [781 u t i l i z e  exact s h e l l  theory 
bending displacements due t o  edge loading r a the r  than simple displacement 
models f o r  each conical  segment. Consequently, f o r  membranc type prob- 
lems some ra ther  la rge  inaccuracies a r e  introduced. However, some usefu l  
r e s u l t s  a r e  obtainable w i t h  t h i s  approach, pa r t i cu la r ly  f o r  edge e f fec t  
influence coef'ficients. Grafton and Strome [791 used conical  elements 
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i n  a t r u e  f i n i t e  element technique and Percy e t  al . [80]  provide6 arA 
important correct ion t o  Grafton and Strome's s t r a i n  energy in tegre t ion .  
In  addi t ion,  Percy e t  a l .  extended the  appl icat ion t o  asymmetric loading 
cases by use of Fourier expansions i n  the  circumferent ia l  d i r ec t iona l .  
Although the  r e s u l t s  provided by References !79 and 801 a r e  an improve- 
ment over previous work, f o r  predominately membrane solut ions the re  are 
s t i l l  inaccurate moments introduced through t h e  approximation of a 
doubly curved s t ruc tu re  ?y singly curved elements, pa r t i cu la r ly  because 
of t he  discontfnui ty  of s lope at the nodes of t h e  s u b s t i t u t e  s t ruc tu re .  
Jones and Strome E811 studied t h i s  problem and devel q?ed a doubly curved 
element [82] which matched both the  locat ion and elopes of t h e  o r i g i n a l  
shell a t  t he  nodal c i r c l e s ,  thus avoiding unwanted d iscont inui t ies  of 
slope at these  locat ions.  
achieved through the use of t h i s  new element, t h e  geometric formulation 
causes some d i f f i c u l t y  where t h e  l a t i t u d e  angle of the  shel l  is small. 
S t r i c k l i n  e t  8 3 .  [83] a l so  formulated a curved element which dupl icates  
both s lope and pos i t ion  a t  the nodes, but  which removes t h e  geometrical 
d i f f i c u l t i e s .  
Despite a marked improvement of so lu t ions  
Representation of t h e  meridian of t h e  o r i g i n a l  shel l  by a aeries 
of s t r a i g h t  segnents o r  simple curved segments, an approximation f i r s t  
evaluated by Jones and Strome [81], was f'urther invest igated by 
Ilhojasteh-Bakht. [ 841. 
ent doubly curved elements s a t i s fy ing  completeness anr; compat ibi l i ty ,  
one which matched pos i t ion  and slopes at the  nodes and another which 
addi t iona l ly  duplicated curvatures a t  these  c i r c l e s .  
solut ions converged wel l ,  remarkably accurate r e s u l t s  were obtained with 
very few elements using t h e  l a t t e r  approach. 
t h ree  elements , near-perfect displacements and s t r e s s  r e su l t an t s  were 
He compared solut ions obtained fron two differ- 
Although both 
For example, with only 
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a t t a ined  f o r  a hemisphere under pure membrane loading. 
Khojasteh-Bakht contrasied soiutions based CI? displacement models formu- 
la ted i n  both l o c a l  curvi l inear  and l o c a l  r e c t i l i n e a r  coordinate 
systems. The first  was unable t o  accomodate c e r t a i n  constant s t r a i n  
states and thus the  second proved t o  be c l ea r ly  superior.  It should 
be noted t h a t  f o r  a rb i t r a ry  shells t h e  use of a l o c a l  r e c t i l i n e a r  
system f o r  the  displac2ment models makes it d i f f i c u l t  t o  s a t i s f y  "qm- 
p a t i b i l i t y  a t  t h e  nodes, bu t  f o r  r o t a t i o n a l  shells t h i s  I s  not a prob- 
l e m .  
In  addi t ion,  
The cen t r a l  problem i n  applying t h e  f i n i t e  element rethod t o  
QJnaclic problems i s  t h e  representation of the i n e r t i a l  propert ies  of 
t h e  s t ruc ture .  
p l e  lumping of masses a t  the nodes. 
second, the "consistent m a s s "  r ta t r ix  which is derived from expressing 
the k ine t i c  energy i n  terms of t he  assumed displacement models. The 
consistent approach preserves the  mass d is t r ibu t :  n and the coupling 
between the various i n e r t i a l  e f f e c t s ,  whereas the  lumped approach leads 
t o  an uncoupled (diagonal) mass matrix. Felippa E591 has compared t h e  
two techniques and concluded t h a t  t he  lumped mass system i s  more prac- 
t i c a l  s ince  i t s  diagonal form r e d u c e s t h e  computational e f f o r t  and 
permits re' :tion cf t he  degree of the eigenvalue problem. 
one advantage t o  t h e  consistent mass i s  that  it gives a t r u e  upper bound 
on t h e  frequencies. 
There a r e  two p r inc ipa l  approaches, one being the sim- 
Archer [851 has proposed t h e  
However, 
I. 2.3 S t ruc tu ra l  Damping 
The prevention of near-resonant fa t igue  has long been a concern of 
s t r u c t u r a l  engineers. In  addition, vibrat ion cont ro l  i s  important i n  
reducing noise transmission o r  re-rediation, !n a t tenuat ing o s c i l l a t i o n s  
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associated with external  turbulence ,Jf o i r c r a f t ,  and i n  prev2ntiiig m a l -  
functions of components and instruments [gl]. 
of lightweight s t ruc tu res  subject t o  in tense  exc i t a t i cn  , par t i cu la r ly  
i n  aerospace applications,  damplng has been recognized as an i m p o r t a t  
property i n  t h e  ove ra l l  performence of t h e  s t ruc tu re .  
s t ruc tures  a r e  subject t o  ralidom vibrations over a broad s p e c t r u ,  it 
is  no longer su f f i c i en t  o r  even possible merely t o  iden t i fy  t h e  r a t u r a l  
frequencies ana a t t anp t  t o  separate thein from t h e  exci t ing frequencies. 
For example, j e t  and rocket engines may exc i t e  a l a rge  proportion of 
t h e  na tu ra l  frequencies of t he  c r a f t .  ConseqLently, it i s  sdvantageous 
t o  employ meterials t h a t  have a capacity t o  d i s s ipa t e  energy and thus 
t o  reduce resonant amplitudes. 
known as "s t ructural"  or  "internal" daniping . 
With the increasing use 
Because many 
This type of energy diss lpat ion i s  
Since the re  are few metals (one example, ce r t a in  magnesium a l loys  
[ 871 ) o r  other s t r u c t u r a l  materfals that  possess both s ' l f f ic ient .  
s t rength and damping capacity, the  emphasis i n  .ribration ccn t ro l  
methods has been cn adding d i s s ipa t ive  layer. 
t o  the basic  s t ruc tu res .  
polymer p l a s t i c s  which hav: a negligable e f f e c t  L A  t h e  s t rength of t h e  
s t ruc ture .  However, when a damping material i s  used as t h e  core f i l l e r  
of sandwich-type s t ruc tu res  , t h e  d i s s lpa t ive  l aye r  i s  d i r e c t l y  involved 
i n  the load r e s i s t i n g  mechanism as w e l l  as i n  vibrat ion at tenuat io3.  
Some p rac t i ca l  examples of damping due t o  d i s s i p a t i t i  l ayers  are damp- 
ing tapes  applied t o  the  ins ide  of a i rplane fusi lages ,  coatings on t h e  
ins ide  of automobile hoods [831 , and v i scoe la s t i c  layers  inccrporated 
into sh ip  s t ruc tu res  L931. 
t o  vibrat ion cont ro l  i n  buildings and l a rge  stn\ctui*es [go]. 
d i s se r t a t ion  is concerned with layered construction, the following 
* s l i n g  treL Lments ' 
These added materials are usuail;. lightweignt 
The same pr inciples  have even been applied 
As t h i s  
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survey of work i n  t he  f i e l d  of s t r u c t u r a l  damping concentrate: on 
approaches i n  which d iss ipa t ive  layers  are employed. 
Lazan [87, 941 and Bianchflower [91] have considered the  damp- 
' 
ing propert ies  of materials. Two categories of mechanical damping 
are distinguished, t h a t  which is amplitude dependent and that 
which is not. Amplitude4opcndent energy diss5pat:on becozes appre- 
c iab le  only i n  conjunction w i t h  l a rge  s t r a i n s  and def lect ions.  Hence 
h r  s m a l l  def lect lcn theor ies ,  such as w i l l  be used herein,  t h e  ampli- 
tude-independent eaergy d iss ipa t ion  is cf the grea tes t  s ignif icance.  
This type of damping is  cha rac t e r i s t i c  of' materials which have rate- 
dependent s t r e s s - s t r a in  l a w s  and e l l i p t i c a l  hys te res i s  loops. There- 
fore ,  the cmplex modulus r e p r e s e n t a z d i n e s r  v i scoe la s t i c i ty  is 
-- 
usuaily a good approximation t o  the dissi2atiI-e behavicr r941.- V a r i -  
ous spec i f ic  polymers that  can be so characterized and t h a t  have 
proved useful fo r  vibrat ion control  were described by Ungar and Hatch 
[ g j ]  and by Oberst -- et al. [ 5 6 ] .  
ing applications are s t ead i ly  being aeveloped [e.g., 97, 981. 
In  addi t ion,  new synthet ics  f o r  damp- 
The 
viscoe las t ic  and d iss ipa t ive  propert ies  of such polymers w i l l  be  dis-  
cussed i n  Chapter V. 
Two major s t r u c t u r a l  damping mechanisms of multi layer csmposite 
s t ruc tures  were disctrssed by Ross et &. [881 and by Ksrwin 1921. The 
first is  the  "free layer"  mechanism i n  which t h e  -r iscoelast ic  material 
is  a surface coating. Thus, during flexural behavior, t h i s  damping 
layer  a c t s  primarily i n  extension. The secoLd mechanism i s  the "con- 
s t ra ined  layer" where the d i s s ipa t ive  material occurs between two 
s t i f f e r  laminations. This configuration causes t h e  s o f t e r  layer  t o  
defcrm mostly by shearing. Foss et al. [881 pointed out t h a t ,  on an 
equal weight basis, damping treatments t h a t  deform primarily i n  shear 
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are l i k e l y  t o  be more e f f ec t ive  than those deforming i n  extension. 
The e a r l i e s t  inwestigations in to  s t r u c t u r a l  dam?ing due t o  visco- 
e l a s t i c  layers  w e r e  car r ied  out by Oberst [99,  1001 and by Lie'nard 
[ l o l l .  These authors developed expressions f o r  the  e f f ec t ive  damping 
of p la tes  due t o  the  addition cf a f r e e  layer  of v i scoe la s t i c  damping 
material. 
and extensional vibrat ions of a two-layered v i scoe la s t i c  beam. 
Eertelendy [89] has used exact e f a su ic i ty  solut ions i;o study the effect 
of v i scoe las t ic  membrane coatings on pla tes .  
general  v ibra t ion  problems of homogeneous bodies z a i e  of d i s s ipa t ive  
mater id. 
Szhwarzl [ l o2  1 considered t h e  coupled and uncoupled bending 
Fina l ly ,  
In addition, he t r ea t ed  
Much grea ter  a t t en t ion  has been given t o  the  constrained l aye r  
mechanisms, par t i cu la r ly  i n  view of the developent  of "damping tapes" 
[103]. These tapes are two-layer treatments i n  which one layer  is both 
adhesive and d iss ipa t ive  and the  other  i s  a t h i n  f o i l  which serves as a 
constraining layer .  
[lo51 have developed t h e  theory of these  tapes  and have obtained reason- 
able ve r i f i ca t ion  with experiments. Constrained layer  d q i n g  i n  
sandwich p la tes  were studied by P l a s s  [lo61 using a standard s o l i d  model 
f o r  t h e  7.riscoelastic behavior of the core. The complex modulus repre- 
sen ta t ion  has been applied t o  sandwich beams and p l a t e s  by Ungar [lo71 
and Mead [108]. 
e f fec t ive  damping of f lat  sandwich s t ruc tu res  are DiTaranto and Blasin- 
game [log - 1121 and B e r t  -- e t - al. [113]. 
discussed by Ruzicka et  al. [114]. 
Ross -- et al. [881, Ungar and Ross [lo41 and Kerwin 
Among other  authors who have a l s o  cocsidered t h e  
Design considerations were 
Yu has applied h i s  theory f o r  sandwich behavior t o  t h e  study of 
dampea v ibrs t ions  by using the complex modulus apprcach [ U S ] .  
uat ion of t h e  approximations of Yu's theory i n  t h i s  sppl icat ion is 
An eval- 
1 4  
provided by Herteiendy and Goldsmith [118], who compare t h e  approach 
with an exact extended Rayleigh-Lamb solut ion.  
sidered the  damping of sandwich she l l s  [116] and, together  with Ren 
[117], t h e  damping of two-layer p l a t e s  ana she l l s .  
enthal  [471 also included s t r u c t u r a l  danping i n  t h e i r  study of t h e  
forced vibrat ions of sandwich she l l s .  
I n  addi t ion,  Yu has con- 
Bieniek and Freud- 
Final ly ,  it is in t e re s t ing  t o  note t h a t  vibrat ion experiments with 
layered specimens are an important means of determining t h e  dynamic vis-  
coe las t ic  propert ies  of materials. 
cant i lever  sandwich beams with cores made of elastomers i n  order t o  
determine t h e  complex shear modulus of these  polymers. 
advocated t h e  USE: of specimens with symmetric v i scoe la s t i c  coatings t o  
ascer ta in  t h e  damping propert ies  of t h e  applied material. 
Nicholas and Heller [119] employed 
Nashif [120] has 
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1.3. Outline and Assumptions 
As s t a t e d  previously,  t he  objec t ive  of t h i s  d i s se r t a t ion  is  t o  
extend t h e  f i n i t e  element method of analysis  t o  mult i layer  Seams, p l a t e s  
and shells having layers  f lexible  i n  t ransverse shear .  
theory analogous t o  YJ'S sandwich theory [32] is adopted f o r  t h i s  pur- 
pose. 
applied t o  one- and two-dimensional f i n i t e  element d i sc re t i za t ions .  
However, f o r  t h e  sake of s impl ic i ty ,  spec i f i c  der ivat ions a r e  ca r r i ed  
out only f o r  t h e  case of three-layered construction symmetric about the 
middle sui-face and, only f o r  configurations t h a t  may be represented by 
a one-dimensional f i n i t e  element mesh. Thus, i n  Chap te r I I1 , the  st iff-  
ness matrices and consis tent  load vectors f o r  beams, axisymmetric 
c i r cu la r  p l a t e s  and ro t a t iona l  s h e l l s  are derived and applied t o  the 
s t a t i c  ana lys i s  of e l a s t i c  s t ruc tu res .  
doubly curved element due t o  Khojasteh-Bakht [ 84 ]  is  employed. 
out t h i s  work, assumed polynomial displacement f ields and t h e  d i r e c t  
s t i f f n e s s  method are used. 
A generalized 
In  Chapter Ii it is pointed out how th i s  formulation can be 
For t h e  axisymmetric s h e l l s ,  t h e  
Through- 
The f r e e  v ibra t ion  analysis  of e l a s t i c  sandwich s t ruc tu res  is t h e  
subject of Chapter N. Masses are lumped along a normal t o  the middle 
surface i n  order t o  represent both t h e  ro ta tory  and t r a n s l a t i o n a l  iner- 
t i a  i n  uncoupled form. 
thickness-shear as wel l  as t he  flexural na tura l  frequencies.  In  the 
former mode, shear deformations predominate over the f l exura l  waves. 
This type of behavior i s  important f o r  some types of soft-core sand- 
wiches. 
problems because it is f e l t  that  t h e  f r e e  v ibra t ion  inves t iga t ion  i s  a 
sa t i s f ac to ry  t e s t  of t h i s  approach t o  d i sc re t i za t ion .  Given t h e  a b i l i t y  
t o  obtain reasonable na tu ra l  frequencies and mode shapes, it i s  possible  
In  t h i s  manner it is possible  t o  obtain the 
The dynamic analysis  has not ye t  been extended t o  i n i t i a l  value 
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t o  apply mode superposit ion o r  numerical in tegra t ion  techniques with 
some confidence, 
In Chapter V ,  damping by t h e  inclusion of v i scoe la s t i c  l aye r s  is 
s tudied using t h e  conplex modulus representat ion of l i n e a r  viscoelas- 
t i c i t y .  Since polymers are t h e  most widely-used damping mater ia l s  i n  
composite s t ruc tu res ,  a discussion of t he  v iscoe las t ic  propert ies  of 
these  mater ia ls  i s  included. Special  a t t en t ion  i s  devoted t o  t h e  t e m -  
perature  and frequency dependence of t h e  propert ies  and an attempt is 
made t o  account f o r  frequency dependence i n  ca lcu la t ing  t h e  e f f ec t ive  
damping of mult i layer  s t ruc tures .  It should be noted t h a t  procedures 
used i n  Chapter V a r e  not r e s t r i c t e d  t o  layered s t ruc tu res ;  r a t h e r ,  
they can be applied t o  any f i n i t e  element representat ion of a l i n e a r  
v i scoe la s t i c  continuum subject  t o  steady s t a t e  o sc i l l a t ions .  
"he following assumptions apply throughout t h i s  paper. Other 
assumptions of l e s s e r  importance w i l l  be introduced i n  t h e  appl icable  
sect ions.  
1. Displacements and s t r a i n s  are su f f i c i en t ly  small so t h a t  t h e  
l i n e a r  theor ies  cf  e l a s t i c i t y  and dynamic v i scoe la s t i c i ty  apply. 
2. Perfect  bonding occurs between adjacent layers  of t h e  s t ruc-  
t u r e .  
3. The t ransverse displacement of a l l  layers  i s  t h e  same at  a 
given loca t ion  of t h e  middle surface of t h e  s t ruc ture .  
there  is no pinching deformation. 
I n  o ther  words, 
* 
4. Shel ls  a r e  t h i n  i n  the  sense t h a t  products of thickness with 
curvature a r e  much smaller than uni ty  ( 5/R << 1) . 
5 .  Material  l i n e s  i n  each l aye r  o r ig ina l ly  s t r a i g h t  and normal t G  
* 
See t h e  discussion of t h i s  assumption i n  Section 11.1.1. 
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the  middle surface reaain s t r a i g h t  a f t e r  deformation, but  no longer 
remain normal. 
manifests i t s e l f  i n  warping of the cross-section a t  t h e  in te r faces .  
The difference i n  shear s t r a i n  i n  t h e  severa l  l ayers  
6 .  The materials of each layer  a r e  l i n e a r l y  e l a s t i c  and i so t ropic .  
However, t h e  procedure can be eas i ly  modified f o r  anisotropic  behavior 
by subs t i t u t ing  t h e  appropriate matr ix  of mater ia l  propert ies .  
7 .  A l l  l ayers  are "stiff" i n  that  tangent ia l  e f f ec t s  a r e  taken 
in to  account. However, t h i s  assumption can be relaxed f o r  a p a r t i c u l a r  
l aye r  by assigning a zero Young's modulus. 
8. A l l  l ayers  are f l e x i b l e  i n  shear (see 5 above) but  t h i s  
assumption can be relaxed f o r  a pa r t i cu la r  l aye r  by assigning an 
i n f i n i t e  shear modulus. 
CHAFTER 11: GENERAL THEORY AND THE FINITE ELEMENT METHOD 
11.1. General Theom 
Consi6sr an a rb i t r a ry  multi layered s h e l l  with individual lamina- 
t i ons  of constant thickness.  L e t  a reference surface within t h e  s h e l l  
be p a r a l l e l  t o  t h e  layer  in te r faces  and let 5, and 5, be Gaussian 
orthogonal curvi lear  co-ordinates f o r  t he  surface.  Moreover, l e t  t h e  
co-ordinate i i n e s  co imide  with t h e  l i n e s  of pr inc ipa l  curvature of 
t he  surface and l e t  5 be a co-ordinate normal t o  t h e  surface (See 
Figure 11.1). 
surrounding t h e  reference surface can be expressed i n  t e rns  of t h e  
W i t h  these assumptions a l i n e  element i n  t h e  space 
d i f f e r e n t i a l s  of the orthogonal curv i l inear  co-ordinates as follows: 
where a and a, are t h e  surface metrics and R1 and R2 are the  
pr incipal  r a d i i  of curvature. Displacements of the reference surface 
1 
corresponding t o  the  co-ordinates 5, , 5, and 5 are defined by 
(11.2) 
respect ively.  
she l l s  w i l l  be adopted. 
sidered small as compared t o  t h e  radii of curvature and thus 
Hereafter,  Lave's f i r s t  approximation [1211 fo r  t h i n  
That i s ,  t h e  thickness of t h e  shel; i s  con- 
C/RO << 1 , 0 = 1 , 2  . 
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(11.3) 







FIGURE II. 2 THICKNESS GEOMETRY OF MULTILAYER SHELL 
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In  e f f e c t ,  t h i s  means t h a t  t h e  va r i a t ion  of curvature .through t h e  thick- 
ness of t he  s h e l l  i s  neglected. Final ly ,  t h e  ro ta t ions  of t h e  tangents 
t o  t h e  reference surface are: 
0 
$ = 1,2 . = X ( E  E ) = - - + - ,  1 aw0 UB 
RB 'B B 1' 2 aB a~~ 
( 1 1 . 4 )  
In  t h e  following, t h e  subscript  B may take  t h e  values 1 or 2 ,  and 
the  subscript  6 w i l l  then t ake  t h e  opposite value. The summation 
convention does not apply. 
11.1.1. Kinematic Assumptions 
To represent t h e  behavior of t h e  she l l  l aye r s ,  a generalized the- 
ory similar t o  Yu's sandwich theory [32] i s  adopted. No r e s t r i c t i o n  
is placed on t h e  relative layer  thicknesses o r  propert ies ,  provided 
only t h a t  t h e  t o t a l  thickness i s  s u f f i c i e n t l y  s m a l l  s o  t h a t  Equations 
(11.3) apply. In  t h e  following, consider t h e  kth l aye r  as ident i -  
f i ed  by t h e  szbscr ipt  k . 
with 5 , but with i t s  o r ig in  a t  t h e  middle surface of t h e  kth l aye r  
A normal thickness co-ordinate col inear  
is designated 5, . I n  other words, the reference surface is  given by 
5 = 0 and t h e  middle surface of l a y e r  k i s  given by 5 = 0 . D i z -  k 
placement quan t i t i e s  a t  t h e  middle surface of t h e  kth layer  a r e  
referenced by t h e  subscript  k and t h e  superscr ipt  o . In addi t ion,  
t h e  value of 5 at t h e  face of l aye r  k c lose r  t o  t h e  reference sur- 
face is  indicated by S(k) (See Figure 11.2). 
F i r s t ,  it is  assumed t h a t  t h e  t ransverse displacements j f  a l l  
layers  are t h e  sane, i . e . ,  t h a t  t h e  t ransverse Young's moduli of t h e  
layers  are effecti-Jely i n f i n i t e .  
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0 0 w = w  = w  k k  (11.5) 
Reissner [I61 has shown t h a t  t h i s  assumption can cause appreciable e r r o r  
f o r  ce r t a in  cases such as t h e  uniform bending-stress s t a t e s  of s h e l l s  
w i t h  very soft l ayers .  
f o r  which t h e  hypothesis of Equation(II .5) i s  admissable. These 
include (1) beam and p l a t e  problzms [16] ,  ( 2 )  f r e e  v ibra t ion  problems, 
provided thickness pinching modes a r e  not important, and (3) edge, 
concentrated, and p a r t i a l  loading problems where pinc Lng e f f e c t s  
remain loca l ized  [161. In  addi t ion,  s ince  all layers  a r e  assumed 
"stiff" (Section 1.31, it is not unreasonable t o  accept Equation (11.5)  
i f  one is  aware of t h e  po ten t i a l  inaccuracies i n  applying t h e  theory 
t o  composite s t ruc tures  w i t h  very s o f t  l ayers  [16, 27-29, 121. 
However, t he re  a r e  severa l  c lasses  of problem 
Next, it i s  asscmed t h a t  mater ia l  l i n e s  o r ig ina l ly  s t r a i g h t  and 
normal t o  the  middle surface of each l aye r  remain s t r a i g h t  bu t  do not 
necessar i ly  remain normal t o  t h e  deformed surface.  This implies t h a t  
t he  t ransverse shearing deformation of each l aye r  i s  independent of 
t h e  normal co-ordinate. Hence, t h e  shear ro t a t ion  of t h e  kth l aye r  
i s  represented by some average value of t he  shear s t r a i n  which i s  a 
mnct ion  only of t he  surface co-ordinates 5, and 5, : 
(11.6) 
Another implication is t h a t  t he  tangent ia l  displacements of t h e  
layer  may be represented by the  displaccments of t he  middle surface of 





Note t h a t  t h e  difference between t h t s  formulation and the  Kirchhoff-LcLe 
hypothesis i s  t h e  f a c t  t h a t  t h e  ro t a t ion  of t h e  normal i s  no longer 
equal t o  t h e  ro t a t ion  of t he  tangent t o  the  middle surface.  
prese3t theory i s  analo8ous t o  t h e  theor ies  fo r  homogeneous s t ruc tu res  
which include the  e f f e c t s  of transverse shear [71-73, 59, 211. 
Thus t h e  
F ina l ly ,  s ince  per fec t  bonding between layers  i s  assumed, t h e  
tankent ia l  displacements must be continuous across tk.2 i n t e r f aces  of 
t h e  composite s h e l l .  This condition leads t o  t h e  following expressions 
f o r  t h e  tangent ia l  displacements of  t he  middle surface of t h e  
l aye r ,  where k > 0 . I r t h e r e  be k - 1 layers  between t h e  kth 




0-th (zero-th) l aye r  which contains t h e  reference sur- 
(11.8) 
For k = 0 o r  1 , t h e  summations drop out zad t h e  Equations (11.8) 
s t i l l  apply, where S ( l )  and c ( 0 )  are t h e  in te r faces  of t h e  zero-th 
layer .  
11.1.2. Strain-Displacement Equations 
The strain-displacement equation from c l a s s i c a l  l i n e a r  s h e l l  
theory, (e .g . ,  Reference [ i 2 2 ] )  are applied. For t h e  kth l a y e r ,  t h e  
equations are : 
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a1 a = -- u2 a (2k) + -- (y U 
'12k a1 a E ,  "2 ac2 
(11.9) 
The in-surface s t ra5ns may be wr i t ten  i n  the following form by subst i -  
t u t i n g  Equations (11.5)¶ (11.6) and (11.7) i n t o  Equations (11.9): 
+ <  K - 'l2k - '12k k 12k 
In these  equations t h e  middle surface s t r a i n s  a r e  given by 
and the  changes i n  
K =  lk 
K =  12k 
curvature a r e  giver j 
( IT. 1oc ) 
In order t.o consider t h e  t ransverse shear strains, t h e  tangont ia l  
displaceuents of t h e  kth layer  must be wr i t ten  i n  terms of t h e  ref- 
erence surface displacements, F G r  example ¶ Equations (11.7) and 
(11.8) can be combint4 t o  give 
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Substi tution of t h i s  and Equations (11.5) and (11.6) in to  the appropri- 
ate equation from (11.9) results i n  
The last four terms of t h i s  equation are negl igible  i n  comparison t o  
the first three terms ucler the t h i n  she l l  a s s u q t i o n s  of EQuations 
(11.3). 
s t ra in8  are given by 
Hence, using the Bpat ions  (11.4) , t h r  t ransverse shear 
(11.11) 
which is consistent w i t h  the kinematic assumptions. 
11.1.3. Stress-Strain Fielations 
Assuming that the in-surface stresses and s t r a i n s  can be repre- 
sented by a s t a t e  of generalized plane stress, the s t r e s s - s t r a in  
equations for t he  kth layer  and an i so t ropic  material are given by 
25 
For M anisotropic EaterfU the al;:opriate const ' tutive equations 
would be used i n  place of Equations (11.12). The 3 x 3 ms+rix would 
depecd upon both the  par t icu lar  consti t l ; t ive l a w  and t h e  or ien ta t ion  
of material property axes i n  r e l a t ion  t o  the  co-ordinatr l i n e s  ( l i n e s  
of pr inc ipa l  curvature).  For example, where a meterial is or thotropic  
within the  surface and has axes of orthotropy coincident w i t h  t h e  
co-ordinate l i n e s ,  the s t r e s s - s t r a in  equLtions are 
2k% = vlkE2k where v 
Since t h e  t ransverse shear s t r a i n  has beer assumed t o  be constant 
across the  thickness of each layer ,  the corresponding shear stress is 
likewise constant and is d i rec t ly  proportional t o  the shear s t r a i n .  
HOvever, the average shear S t r a in  which may provido a good approxima- 
t i o n  t o  t he  shear ro ta t ion  does not necessarily provide an adequate 
representation of t h e  t ransverse shear-stress resultant. Therefore, 
a shear-stress ccrrect ion f ac to r  is used i n  conjuncz-ion w i t h  t h e  
t ransverse s t ress -s t ra in  equations fo r  t he  kth layer  as follows : 
"he shear-stress correction fac tor ,  IC , is  sylalogous t o  t h a t  used 
i n  the  theory f o r  homogeneous s t ruc tures  [71-73, 123, 1241. 
method of assigning a value t o  t n i s  f ac to r  is t o  compare t h e  approxi- 
mate theory with exact theory f o r  some aspect of behavior. 





K = 71 /l.2 f o r  homogeneous p la tes  so 
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t h a t  t he  simple thickness-shear frequency from both theor ies  match. 
Sert e t  al.  [113] have pointed out t h a t  one value f o r  a dynamic cor- --
rec t ion  fac tor  may permit good estlmates of na tura l  frequencies,  
whereas a d i f f e ren t  value may produce b e t t e r  approximations t o  mode 
shapes. It is d i f f i c u l t  t o  make a de f in i t i ve  recommendation f o r  a 
spec i f i c  value o r  expression f o r  
t h i s  fac tor  is dependent upon both t h e  configuration of t h e  m u l t i -  
K because it is  apparent that  k 
l ayer  construction (number of layers , r a t i o s  of thicknesses and prop- 
e r t i e s )  and t h e  spec i f i c  appl icat ion ( s t a t i c  or  dynamic ana lys i s ) .  
Additional f ac to r s  may a l s o  influence the se lec t ion .  For t h e  dynamic 
analysis  of three-layered sandwich canstruction w i t h  t h in ,  heavy 
facings and a l ight ,  weak core,  Yu [32, 331 has sxggested values very 
close t o  uni ty .  Other invest igators  11131 have derived similar 
magnitudes;' some recommendations range as high as 2.2 E1251. Since 
most of t h e  appl icat ions later i n  this  paper are t o  three-layered s t ruc-  
tures w i t h  r e l a t ive iy  t h i n  facings and a r e l a t i v e l y  f l e x i b l e  core,  a 
value of un i ty  w i l l  be used herein. 
In  discussing t h e  t ransverse shear stress, it should be noted 
t h a t  the present approximate t h e o r j  does not provide f o r  cont inui ty  of 
t h i s  stress at the In te r faces ,  nor does the shear stress vanish a:. t h e  
free surfaces .  However, t h e  assumption of a constant shear s t r a i n  
* 
(2nd thus a constant shear stress) f o r  each layer  is consis tent  w i t h  
t h e  philosophy of t h e  f i n i t e  element method. That i5, an approximate 
simple displacement pa t ie rn  which s a t i s f i e s  compatibil i ty i s  hypothe- 
s ized  and then a va r i a t iona l  theorem is used t o  obtain an or~imal 
* 
See footncte  on next pwe. 
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* 
approximation of equilibrium. (See Section 1.2.2. 
11.1.4. S t ress  Resultants 
The stress resu l tan ts  for  t h e  kth layer  can be obtained by inte- 
gra t ing  the  s t r e s ses  over t h e  thickness.  
(II.l5a! 
&pk = hkGkKkyfi<k 
where \ = ( 5 ( k  + 1) -.S(k)l 
Equation (11.121, it is  possible t o  express the f irst  set of r e su l t an t s  
i s  t h e  thickness of the  layer .  By using 
i n  terms of the middle surface s t r a i n s  and the changes of curvature of 
Equations (11.10). Then t h e  integrat ions can be evaluated i n  terms of 
the extensional,  bending and shear s t i f fnes ses  of t h e  layer .  
The t o t a l  stress r e su l t an t s  f o r  the s h e l l  are .obtained from t h e  
individual resu l tan ts  of Equations (11.15) by summing w i t h  resper t  t o  
the  reference surface. Lek 1, be the  t o t a l  numbei of layers .  
* 
During the ear ly  stages of t h i s  invest igat ion,  a f i n i t e  element w a s  
developed f o r  sandwich beams using a quadratic var ia t ion  of shear 
through t h e  depth such t h a t  the shear  s t r a i n  and s t r e s s  vanished a t  t h e  
f r e e  surfaces.  This var ia t ion  w a s  derived on the basis of a l i n e a r  
var ia t ion  of bending s t r e s ses  over the depth. 
co$lex nature of t h e  warping i n  t h i s  case, the formulation w a s  
r e s t r i c t e d  t o  beams having a continuous shear diagram. That is, 
interelement compatibil i ty was maintained f o r  a l l  the layer  shears.  
A l i n e a r  var ia t ion  of shear s t r a i n  over t h e  length w a s  used. 
w i t h  dimensions and propert ies  t yp ica l  of sandwich construction, 
results using t h i s  e1emer.t were p rac t i ca l ly  indis t inguishable  from 
those using a constant shear s t r a i n  across t h e  thickness.  
more complex formulation w a s  discarded i n  favor of t h e  approximate one. 
Jecause of the more 
For beams 
Hence t h e  
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The s ign  conventions f o r  these stress r e su l t an t s  a r e  shown i n  Figure (11.3).  
11.1.5. Application t o  t h e  F in i t e  Element Method 
For t h e  theory presented above, t h e  following displacements are nec- 
essary t o  describe completely t h e  behavior of the shell: 
0 
1. The normal displacement of t h e  reference surface,  w . 
2. The t angen t i a l  displacements of the reference surface,  u 0 1 
and u:. 
X1 
- 3. The ro ta t ions  of t h e  tangents t o  t h e  r e fe reme  surface, '  
and x2 
4. The shear ro ta t ions  of each of the layers ,  y, and y2, f o r  ... 
k = 1 , 2 ,  ..., L. 
For one-dimensional cases,  such as axisymmetric s h e l l s ,  t h e  number of 
displacements i n  2 through 4 is halved. Another spec ia l  case is that 
of symmetry about t h e  reference surface,  f o r  which t h e  number of each 
of t h e  displacements i n  4 are reduced by L/2 i f  
(L-1)/2 i f  L i s  odd. 
L i s  even, o r  by 
In the f i n i t e  element method, t h e  deformations of an element a re  
cmtinuous functions in  the loca l  co-ordinate system and a r e  expressed 
i n  terms of t h e  nodal values of the  displacements. In  general ,  f o r  each 
FIGURE a. 3 SHELL STRESS RESULTANT SIGN CONVENTIONS 
FIGURE If. 4 PLANAR QUADRILATERAL ELEMENT 
AFTER JOHNSON [76] 
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* 
primary external  node, a l l  of t h e  above displacements a r e  se l ec t ed  as 
unknowns. Depending upon the  l e v e l  of refinement of t h e  displacement 
models, some of t he  displbcements may a l s o  be chosen as addi t iona l  de- 
grees of freedom a t  i n t e r n a l  nodes o r  a t  secondary external  nodes. 
* 
As an example, consider t h e  planar quadr i l a t e ra l  assembled from four  
t r i a n g l e s  used by Johnson [761 f o r  t h e  analysis  of singly curved s h e l l s  
(See Figure 11.4). 
with l i n e s  of pr inc ipa l  curvature.  The bending is reDresented by a 
cubic normal displacement model a f t e r  Hsieh, Clough and Tocher [66] 
For such s t ruc tu res ,  t h e  nodal l i n e s  a r e  coincident 
whereas the  membrane behavior is approximated by a qu&dratic va r i a t ion  
of tangent ia l  displacements ( l i n e a r  strai;: triaxiigles of Reference [ 581 ) 
w i t h  t h e  external  boundaries constralned t o  deforn: I' -:arly. If t h e  
layer  shear s t r a i n s  a r e  modeled i n  the  same way as t h e  membrane d is -  
placements, a t o t a l  of 33 + 1 8 ~  
(1) at  nodes 1 t o  5, displacements of type 1,2,3, and 4 contr ibut ing 
degrees of freedom would be r equ i r ed  
5 + 2~ degrees of freedc;m per  node; ( 2 )  at  nodes 6 t o  9 ,  displacements 
of t j p e  2 and 4 contr ibut ing 2 + 2L degrees of freedom per node. 
In  assembling t h e  elements i n t o  a representat ion of t h e  overa l l  
s h e l l ,  compatibil i ty usually m u s t  be maintained f o r  al l  the  displace- 
ment de,grees of freedom occurring a t  t h e  interelement nodes. However, 
when the  t ransverse shear  behavior i s  included, some cont inui ty  condi- 
t ions  must be removed i n  order  t o  permit t he  "kinking" associated w i t h  
d i scont inui t ies  of t h e  shear stress re su l t an t .  These d i scon t inu i t i e s  
occur a t  t ransverse l i n e  loads.  Thus, t h e  necessary an9 suff ic ient ,  
requirement fo r  compatibil i ty of  t he  assemblage is  interelement contin- 
u i ty  on the  following nodal displacements: 
* 
A primary external  node i s ,  f o r  example, a node occurring at a corner 
of a two-dimensional element. 
of such an element. 
A secondary external  node occurs a t  mid-side 
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A. "he noma1 displacement of the  reference surface,  w" . 
B. The tangent ia l  displacements of t he  reference surface,  L and 0 1 
0 
u2 
C .  "he ro ta t ions  of t h e  normals t o  the  reference surface ( i . e . ,  t he  
ro ta t ions  associated w i t h  bending), xbl and xb2 . 
D. The shear warping angles at each of t he  layer  in te r faces ,  
and f o r  
The'reductibn of thenumber of these  displacements for  t h e  special  Lases 
is simtlar t o  tha t  . fbr  t he  basic  displacements 1 t o  4 above. 
Comparing displacements A t o  D w i t h  1 t o  4, it is  appr ent  t h a t ,  i n  
addition t o  modifying t h e  character of some of t h e  quant i t ies ,  t he  t o t a l  
number of displacements per node has been reduced by two. That i s ,  the 
nuniber of continuity conditions has been decreased by two. The ex t r a  
displacement i n  each of t h e  two d i rec t ions  is any one of t he  layer  shear 
ro ta t ions  which may now be considered as an i n t e rna l  degree of freedom fo r  
t he  el!?mcr!t. If these ex t ra  displacements and t h e  shear warping angles 
(D) are known, a l l  the  layer  shear ro ta t ions  are recoverable. 
more, t h e  rotat ions of t he  normals t o  t h e  reference surface may be 
Further- 
wr i t ten  as 
where t h e  subscr ipts  b and s represent bending and shearing respect- 
ively.  The rotat ions due t o  shearing may be expressed i n  terms of t he  
shear ro ta t ions  and layer  thicknesses 
Hence t h e  ro ta t ions  x a re  a l so  recoverable. A spec i f i c  version of B 
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Equation (11.18! w i l l  be derived i n  Section 111.1.. 
. A t  each interelement node the re  a r e  5 + 2(L-1) degrees of freedom 
and thus t h e  t o t a l  nunber of equations necessary f o r  t h e  ove ra l l  dis-  
c re t ized  s t ruc tu re  i s  the  product of t h i s  quant i ty  and t h e  t o t a l  number 
of nodes. 
involved i n  these equations; rather, t he  element s t i f f n e s s  matrix i s  
The addi t iona l  i n t e rna l  degrees of freedom a r e  not d i r e c t l y  
condensed with respect  t o  t h e  loads on these  in t e rna l  nodes [ 621. 
process, ca l l ed  s t a t i c  condensation, i s  described i n  Section 11.2.6. 
This 
For 
example, i n  t he  Johnson-type quadr i l a t e ra l  discussed above, t h e  t o t a l  
number of i n t e r n a l  degrees of freedom i s  21. + 1OL: (1) 2 + 2L contr i -  
buted from each 02 Zie i n t e rna l  nodes 6 t o  9 ;  ( 2 )  5 + 2L contributed 
from the  in t e rna l  node 5 ;  ( 3 )  2 contributed from each of t h e  nodes 1 t o  
4, corresponding t o  t h e  nodal displacements f o r  which cont inui ty  is not 
enforced. As a result, t he  s i z e  of t h e  stifmess matrix f o r  t h i s  element 
after condensation would be (12 + 8 ~ )  by (12 + 8L) .  
It should be emphasized t h a t  the generalized theory i n  t h i s  chapter 
is formulated only i n  terms of co-ordinates which are coincident with the 
l i n e s  of p r inc ipa l  curvature. 
elements w i t h  curved surfaces ,  the displacements and t h e i r  d,- iva t ives  
must be  taken i n  the  pr inc ipa l  d i rec t ions .  
Thus, when applying t h e  theory t o  f i n i t e  
4 
For axisymmetric s h e l l s ,  t h e  
appl icat ion involves no d i f f i c u l t i e s  s ince  t h e  p r inc ipa l  co-ordinates a r e  
the na tura l  choice. Furthermore, arbitrary shells a r e  usual ly  ,represented 
by planar elements [74 - 761 f o r  which t h e  bending and s t r e t ch ing  a r e  un- 
coupled. Hence t h e  choice of the  "principal" d i rec t ions  of t h e  s u b s t i t u t e  
s t ruc tu re  i s  open. 
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I1 .l. 6 ,  Boundary Conditions 
In the  previous sec t ion ,  it has been shown t h a t  t h e  ex terna l  nodal 
displacements a t  any node a re  
k = 1,2, ..., L 
Hence, at t he  boundary OF a s t ruc tu re ,  kinematic cons t ra in ts  can be 
applied by cpecifying any o r  a l l  of t he  above displaceEents. In  prac- 
t i c e ,  i f  a displacement quantity i s  spec i f ied  t o  be zero,  a l l  t he  ele- 
ments of t he  corresponding row and column of the  ove ra l l  s t i f f n e s s  
matrix are set t o  zero w i t h  t h e  exception of t he  I 'Lement on t h e  pr inci-  
pa l  diagonal, which is  s e t  t o  one. In  addi t ion,  thc? load corresponding 
t o  the  res t ra ined  displacement is s e t  t o  zero. E la s t i c  cons t ra in ts  and 
skewed boundaries a re  a l s o  admissable , and t h e i r  treatment is covered 
i n  the  l i t e r a t u r e  on matrix analysis  and t h e  f i n i t e  element method 
1561. 
For t h i s  pa r t i cu la r  formulation, it is possible  t o  provide f o r  a 
support f ixed  against  ro t a t ion  i n  LJO ways. 
alone may be prevented o r  both bending ro t a t ion  and warping may be con- 
s t ra ined ,  
c l a s s i c a l  "fixed edge ," although both p o s s i b i l i t i e s  have appl ica t ions .  
In  e i t h e r  case, ro t a t ion  of t h e  tangent t o  the middle surface due t o  
shearing , 
above formulation. 
Ei ther  bending ro t a t ion  
The l a t t e r  i s  probably a more accurate representat ion of a 
xs , must occur a t  f ixed supports,  and t h i s  i s  t r u e  f o r  t h e  
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11.2. S-Lj.f'fness 4nalysis of Elements f o r  t he  Displacement Method -
Following i s  a brief summary of t h e  standard s t i f f n e s s  analysis  
[126, 1271 which w i l l  be applied t o  three d i f f e ren t  elemepts lat.er i n  
t h i s  chapter. 
method outlined i n  Section 11.3. L e t  N = n + m be the  t o t a l  number 
of degrees of freedom f o r  a s ing le  elemen+*, where n and m are t h e  
numbers of external  ..md i n t e r n a l  degrees of freedom, respect ively,  
Also, l e t  a l o c a l  co-ordinate system f o r  t he  element be designated by 
This derivation is t h e  key s t e p  i n  t h e  d i r e c t  s t i f f n e s s  
x .  
11.2.1. Displacement Models 
The displacements cver t h e  domain of t k e  element are expressed i n  
terms of generalized displacements as follows: 
Here [@(x)l i s  the  matrix of polynomial displacement models and { a )  
i s  the N x 1 vector of generalized displacements. { a }  can be con- 
sidered t o  be t h e  amplitudes of t h e  displacement shapes [@(x)] . Note 
tha t  i f  [@(x)] 
polynomials f o r  t h e  pa r t i cu la r  element, 
of nodal displacement, {q) . The displacement mcjdels a r e  simple, but 
r e l a t i v e l y  complete, f i e l d s  chosen t o  satisfy, i f  possible,  che require- 
ments of completeness and compatibility (Section 1.2.2). 
f o r  an a rb i t r a ry  two-dimensional s t ruc tu re ,  t h e  models must provide ~t 
s t i f f n e s s  which is invariant with respect t o  t h e  relative o r i en ta t ion  
of the l o c a l  and global co-ordinate systems. 
i s  expressed d i r ec t ly  i n  terms of t n e  interpolat ion 
{a) is  replaced by the vector 
I n  addi t ion,  
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11.2.2. Element S t ra ins  
Using t h e  strain-displacement equations and t'ne displacements cf 
Equation (11.19),  t h e  element s t r a i n s  may be w r i t t e n  i n  teras of t h e  
generalized co-ordinat s . 
I n  t h i s  d i s se r t a t ion ,  t h e  s t r a i n  vector s h a l l  be comprised qf 
t h e  middle surface strains and t h e  changes of curvature as given i n  
Equations (1I.lOb ana c )  and t h e  transverse shears of Equat:-on (iI.11). 
The t o t a l  s t r a i n s  may be found from Eqmtion, (1I.lOa) and may be 
writhen as 
( € 1  
11.2.3. Stress -Strain Eelations 
E$lployil.g submatrices of t h e  type given i n  Equation (11.12) , t h e  
t o t a l  stresses may be expressed i n  terms of t h e  t o t e l  ; t r a ins  by 
II.2.L. Applicat'on of t h e  Principle  of Minimum Potent ia l  Energy 
I n  t h e  absence of body forces ,  t he  t o t n l  
element is given by 
po ten t i a l  [128] of an 
da (11.23) 
Here t h e  barred quan t i t i e s  re prescribed and t h e  following de f in i t i ons  
s=PPlY: 
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v = volume of t h e  element 
a = u e a  of reference surface of the element over which stresses 
necif i ed  
{sL} = ;€\-‘tor of loads cor respading  t o  the displacements 
d i s t r ibu ted  over the surface of the element. 
{u) and 
Whst i tu t ing  Equations (I1.S - 22) i n t o  (11.23) gives 
Application of the va r i a t iona l  pr inc ip le  11281 t o  Equation (11.241 
results i r  * ra r i a t im  of the generalized co-ordinates only t o  give 
where the matrix 1 has been defined as 
( 11.26) 
The in t eg ra l  of [DI over t h e  thickness of t he  she l l  is given by 
(11.27) 
The equilibrium equat ims which result f r c n n  Qua t ion  (11.25) are  






are the element stiffbess and consistent generalized loads respectively. 
11.2.5. Transformation to Global Co-ordinates 
The nodal displacements in local co-ordinates can be obtained in 
terms of the generalized displacrsents by evaluating Equation (11.19) 
at the nodes of the element. 
{q} = @(node 1) {a) = [A] {a) [ etc. ] r i d  @(node 2) w rixl 
This system of equations can be inverted to obtain 
Had [@I originally been chosen as interpolation functions, then {a: 
and {q) 
Let 
would be synononous and this step would be unnecessary. 
{r} be the vector of nodal displacements in glabal co-ordinates. 
Then the relatioa between {q} and {r) is given by 
where the matrix [TI 
two co-ordinate systems. 
is a simple transfcrmation matrix relating the 
Equations (11.30) and (11.31) may be combined ta give 
(11.32) 
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Using the  transformation matrix of J3quaticn (11.32)¶ it is apparent from 
Equation (11.24) tha t  the  element s t i f f n e s s  and consis tent  load vector 
i n  global co-ordinates are 
(11.33) 
11.2.6. S t a t i c  Condensation 
The equilibrium equations f o r  the  element i n  global co-ordinates 
can be par t i t ioned  t o  distinguish the  external and in t e rna l  degrees of 
freedom as follows: 
. 
Equations iII .358) can also be wr i t ten  
(11.3%) 
by solving the  second of these equations foi- {r2) 
and by subs t i tu t ing  t h i s  result in to  t h e  first of Equations ( I I . 3%) ,  





I n  prac t ice ,  t h e  condensation is c-ried out by a symmetric backward 
Gaussian elimination process [ 581. 
are in s u i t a b l e  form f o r  employment of the d i r e c t  stiffness assembly 
procedure (See Section 11.3 below). 
The matrices of Equations (11.36) 
11 .2.7 Element Stress Resultants 
Stress r e su l t an t s  of the type given i n  Equations (11.15) can be 
expressed i n  terms of the nodal displacements of the element. 
EQuations (11.20-22) and ( I I . 32 ) ,  the element stresses msy be wr i t t en  
By using 
Moreover, t h e  complete set of Ekpaticns (11.15) may be wr i t ten  in 
m t r i x  form as 
where (SI is the  vector of  a l l  layer  s t r e s s  r e su l t an t s .  Upon combining 
Equations (11.37) and (11.38) and using t h e  de f in i t i on  given by Equation 
(11.27)* t h e  element streas r e su l t an t s  at any locat ion within the element 
a re  jive;? by 
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It is a simple matter to assemble the total stress resultants according 
to Equations (11.16) once 
on the reference surface. 
{SI has been determined at a particular point 
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11.3. The Direct S t i f fness  Method 
The d i r ec t  s t i f f n e s s  method is  t h e  most e f f i c i e n t  and systematic 
It has became approach t o  t h e  s t i f f n e s s  analysis  of s t ruc tures  [631. 
t h e  basic  technique of t h e  f i n i t e  element metho,: .>d is  described i n  
se.eral of the References, e.g., [126, 1271. The following sequence 
of s teps  summarizes the d i r ec t  s t i f f n e s s  method as appl ied t o  t h e  
displacement method of solut ion:  
1. Discret izat ion of t h e  s t ruc ture .  
2. 
ment models. 
Discret izat ion of t h e  displacements and se lec t ion  of displace- 
3. Derivation of the element s t i f fnes ses .  
4. Assembly of t h e  element s t i f f n e s s e s  in to  t h e  s t i f f n e s s  of t h e  
complete s t ruc ture .  
5 .  
6. 
Solution f o r  the displacement amplitudes. 
Corn--utation of the stress re su l t an t s .  
Steps 2, 3, md 6 are discussed i n  Section 11.2 above and the remaining 
s teps  are b r i e f l y  described below. 
When d iscre t iz ing  t h e  s t ruc tu re ,  there are c e r t a i n  na tura l  locat ions 
f o r  interelement nodes. Line loads and d iscont inui t ies  i n  geometric o r  
mater ia l  propert ies  are examples of such locat ions.  Beyond th i s ,  consid- 
erable  judgment m u s t  be exercized i n  se lec t ing  a nodal mesh. 
a f i n e r  g r i d  i s  required wh. re the re  a r e  s teeper  gradients  of behavior. 
For two-dimensional s t ruc tu res ,  a t t en t ion  should a lso  be devoted t o  choos- 
ing a systematic mesh pa t te rn  so that  t h e  f i n a l  equations can be ordered 
t c  @j 8 ninimum band width. 
In  general ,  
7, ; c w n t  s t i f f n e s s  has been derived arid transformed t o  a 
if.- - F f s t a  (global co-ordinates 1, t he  interelement 
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compatibility conditions can be applied t o  assemble t h e  s t ruc tu re  s t i f f -  
ness. The element nodes can be iden t i f i ed  w i t h  nodes of t he  ove ra l l  
s t ruc ture .  The element influence coef f ic ien ts  are merely added t o  t h e i r  
proper locat ions i n  the ov? ra l l  s t i f f n e s s ,  using t h e  cross-identifica- 
t i o n  of nodes. 
i n to  t h e  s t ruc tu re  load vector.  
s t i f f n e s s  assembly process i s  t o  consider t h e  va r i a t iona l  theorem of 
Equation (11.25) as being applied t o  t h e  e n t i r e  s t ruc ture .  
displacement f i e l d s  are separately assumed over each element, the  
in t eg ra l  over t h e  s t ruc tu re  can be taken as t h e  sum of the in t eg ra l s  
over t h e  elements. Hence, t h e  n x n element s t i f f n e s s  can be consid- 
ered a compact form of an 
The element consis tent  loads a re  s imi la r ly  assembled 
Another way of in te rpre t ing  t h e  d i r ec t  
Because t h e  
M x M contribution t o  t h e  s t ruc tu re  stSff- 
ness,  where M is  the t o t a l  number of degrees of freedom of t h e  
s t ruc tu re  . 
The equilibrium equations f o r  t h e  ove ra l l  s t ruc tu re  a r e  
and may be par t i t ioned  according t o  t h e  s t ruc tu re  nodes as 
51 5 2  ' 
K21 K22 =I (I1 .bob) 
If a l l  of t h e  equations of type (11.36a) a r e  par t i t ioned  on t h e  same 
basis as ( I I . b O b ) ,  then the  coupat ib i l i ty  equations fo r  t h e  p-th node 
a re  given by 
( 11.41) 
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Here t h e  subscript  ind ica tes  t h e  node; the superscr ipt ,  t h e  e: .  nent ; 
and the re  are E elements adjacent t o  t h e  p-th node. The assembly 
pracess i s  then given by 
(11.42) 
where F i s  2 f o r  two-dimensional meshes and 1 f o r  one-dimensional 
g r ids .  The f i n a l  s t e p  i n  the  assembly process i s  t o  modify t h e  strkz- 
t u r e  equilibrium equatiom f o r  the geometric boundary c o n d i t i m s ,  
i.e., t h e  kinematic cons t ra in ts .  
The r e su l t i ng  s t i f f n e s s  matrix i s  symmetric and sparse.  With t h e  
proper ordering of equations, it is  also narrowly banded about t he  
p r inc ipa l  diagonal and thus can be e f f i c i e n t l y  s tored .  Provided t h e  
bomdary conditions are s u f f i c i e n t  t o  preve& r i g i d  body motion, t h e  
matrix i s  posi t ive-def ini te  and well-conditioned. I n  p rac t i ce ,  only 
t h e  upper h a l f  of, t h e  banded symnetric matrix i s  s tored i n  the computer, 
ana a symmetric Gaussian composition is  used [601. 
L 
IK3 = [Ll[Dl[LIT (11.43) 
where [L] is  a lower unic t r i angu la r  matrix of mul t lp l i e r s  and [D] 
is a diagonal matrix of p ivots .  Without pivoting, t h e  banCed nature 
T of t h e  s t i f f n e s s  is maintainea i n  t h e  decomposition and [D][L] 
be overwrit ten on t h e  upper band of [K]. 
may 
9 ,  
!+ 4 
When the stress resultants are computed ab suggested in Section 
11.2.7, some discontinuities in stress occur at the element interfaces. 
These arise from (1) the approximation of the true displacements by the 
superposition of the simple displacements assumed over each element and 
( 2 )  the fact that interelement continuity is not maiatained on deforma- 
tion gradients. An averaging process is carried out to obtain a single 
value for the stress resultants at the nodes. It should be noted that 
as the mesh is refined and the solution converges monotonically, these 
mdal stress discontinuities decrease in magnitude. 
CHAPTER 111: STATIC ANALYSIS OF ELASTIC SANDWICH STRUCTURES 
111.1. Sandwich Beams and Cylindrical  BE.:ling of Sandwich Pla tes  - 
For the  one-dimensional case of beam analys is ,  t h e  pa rme te r s  used 
i n  Section 11.1 take  t h e  following values: 
- E -  lk - 'xk ¶ 'l<k - 'xzk 
from t h e  formulation. Furthermore, a t t en t ion  i s  r e s t r i c t e d  t o  three- 
l aye r  sandwich beams w i t h  facings of equal thickness and composed of 
t he  same material (Figure 111.1). 
uncoupled and only t h e  f l e x u r a l  behavior i s  considered; 
Hence t h e  bending and s t r e t ch ing  is  
(111.2) 0 u = o .  
The thickness of t h e  core l a y e r  i s  taken t o  be hc and t h e t  of 
t h e  facings hf . The CJtal thickness i s  h and t h e  d i s t ance  between 
t h e  middle surfaces ol" t he  facings is designated d . The reference 
surface i s  se l ec t ed  t o  be i d e n t i c a l  with t h e  core middle surface and a 
norrr.clized eo-ordinate i s  defined 
5 = ( x  - X i ) / ( X  - x . )  = ( x  - X i ) / &  (111.3) J 1  
where t h e  subscr ipts  i den t i fy  t h e  i - th  and j - th  nodes of t h e  beam ele- 
ment of length R (Figifre 111.1). I n  a l l  cases,  t h e  width of t h e  
beam sec t ion  i s  taken t o  be uni ty .  Sign conventions a r e  indicated i n  
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111.1.1. Slope “ue t o  l ransverse Shear 
In  equations (11.17) and (11.18) it w a s  indicated t h a t  s~?;>.:.-~te 
comgonents of t h e  slope,  x , could be I d e n t i f - d .  The e.ipression f o r  
t h e  contribution due t o  shear i s  6erived i:l t h i s  sec t ion .  Figure J E . 3  
shcws a d i z f e r e n t i a l  elememt deforming wider pure shearing of the  core 
and th.e facings,  With t h i s  type of loading, t he re  i s  no ne t  extensicii 
of t he  layers  so t h e  tangent ia l  displacement of each middle surface I s  
zero. The t angen t i a l  displacement of .;he in t e r f ace  m c s t  5e t h e  same 
when c0rnpute.J w i t h  reference t o  t - e  middle surface of  e i t h e r  the face  
o r  core. 
t h i s  c o n d i t i w  gives 
F o r t h e  case of constant shear ca r r i ed  entii-ely by t h e  core, 
and fcr  t h e  case of face shearing it gives 
Li3ivg the  two equations and using d = h + ii, , one obtains 
C I 
xsc and x are defined i n  Figure 111.3. sf 
111.1.2. Stress-St-ain Equations 
The constitut!.ve matrix i s  d i agowl  f o r  ti.? beams and t h e  stri.:js- 
s t r a i n  equations a.re given by 
CORE SHEARING FACE SHEARING 
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To modify t h i s  f o r  t h e  cy l ind r i ca l  bending of p l a t e s ,  the  lateral con- 




0 0 0 
2 
E c / ( l  - vc) 0 
( I I I . 5b )  
As usual,  t he re  i s  a complete analogy between the  two problems. 
111.1.3. S t i f fnes s  Matrix fo r  Beam Elements 
The beam element s t i f f n e s s  matrix is derived i n  t h i s  sec t ion  follow- 
ing t h e  procedures out l ined i n  Section 11.2. 
ment f i e l d  and a l i n e a r  va r i a t ion  of shear ro t a t ion  are assumed. 
in te rpola t ion  functions are used i n  order t o  express the displacement 
models d i r ec t ly  i n  terms of the nodal 6isplacements. 
(11.19) may be wr i t ten  
A cubic t ransverse displace- 
Moreover, 
Hence Equation 
Here t h e  vectors are chosen as 
( 111.6) 
The matrix ' [ @ ( 5 ) ]  is given In  Appetldix A . 1 . l .  
The kinema-bic assumptions of Section 11.1.1 as applied to the beam 
are 
YC) 
u = -zco( - 
C 
(111.7) 
where the superscripts t and b indicate the top and bottom facings 
respectively. 
components of Equation (11.10; ar: given by 
From Equations (11.9) it is then clear that the strain 
EO = 0 xc 
(111.8) 
By applying Equations (111.8) to Equations (11.19) and (111.61, the 
strains may be expressed in terms of the nodal displacements. 
When the strain-component vector is defined 
then the metrix B is as given in Appendix A.l. Notc. that 
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Also given i n  Appendix A . l  are the matrices [21 , [C] and [F] from 
Equations (11.21) , (11.22) aid (11.27) , consistent w i t h  the  de f in i t i ons  
t t  b b ,  
t t  b b ,  T {“) = < “xc xzc “xf ‘xzf “xf Txzf 
When t h e  pr inc ip le  of minimum po ten t i a l  energy is applied as i n  
Equations (11.25-29) , it is  possible  t o  iden t i fy  t h e  separate  contr i -  
butions t o  the  element s t i f fnnss  due t o  shear ,  bending and a x i a l  force:  
The integrat ions have been ca r r i ed  out i n  closed form and t h e  s t i f f n e s s  
contributions are given i n  Appendix A.l. The d i s t i n c t i o n  between t h e  
various components proves usef’ul i n  obtaining quan t i t a t ive  evaluations 
of various approximations; e.g. ,  the  e f f e c t  of neglecting the  bending 
of t he  facings about t h e i r  own middle surfaces can be ascer ta ined by 
omitting [kf ]  (See example i n  Section 111.5.6). M 
Although the global and l o c a l  co-ordinate systems are i d e n t i c a l ,  
the s t i f f n e s s  
i n  terms of t he  following nodal displacements 
[k ] 
9 
s t i l l  must be transformed so  that  it is expressed 
These co-ordinates were not t h e  o r ig ina l  choice because L e  use o { d 
as given i n  Equation (111.6a) allowed a much simpler closed-form in te -  
grat ion f o r  t he  s t i f f n e s s  matrix. The transformation [TI i s  qui te  
simple and can be constructed from t h e  de f in i t i ons  
Y = Yc - Yf 
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( I11 . l o )  
The l a t t e r  is obtained from Equation (111.4) .  
Appendix A . l .  
The matrix i s  given i n  
111.1.4.  Consistent Load Vector f o r  Uniform Loads 
Ry subs t i t u t ing  t h e  matrix [@I from Equation (11.19) i n t o  
Equation (11.29) and using t h e  load vector 
where pz (c )  = p 
are found t o  be 
is  a uniform transverse load, t he  consistent loads 
Z 
These can be transformed t o  correspond t o  t h e  (r) displacements. The 
result i s  
111.1.5 Element s t i f f n e s s  f o r  Quadratic Variation of Shear S t r a i n  
An element s t i f f n e s s  may be derived f o r  a quadratic va r i a t ion  of 
shear s t r a i n  by u t i l i z i n g  an i n t e r n a l  nodal point a t  
node is designated by t h e  subscript  o , t h e  interpolat ion functions 
f o r  t he  shear s t r a i n s  are 
5 = - 2 '  I f  t h i s  
where k = c,f  . The d e t a i l s  of t h e  der ivat ion a r e  t h e  same as f o r  t h e  
l i n e a r  var.;.ation of shear  and w i l l  not be car r ied  out here ,  The relevant  
matrices are given i n  Appendix A.2, including the  contr ibut ions t o  t h e  
10 x 10  s t i f f n e s s .  
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111.2 Axisvmmetric Sandwich Plates  
For the  cy l ind r i ca l  co-ordinates used t o  descr ibe t h i s  case,  the  
Tarmeters  i n  Section 11.1 take  tho following forms: 
I n  e "d i t i on ,  s ince  only axisymmetric loading is considered: 
u 0 = u  0 , u 2 = u 2 = o , w o = w  0 
1 
- dw x , -  x = -  dr ' 'lk = 'k 
Attention is again r e s t r i c t e d  t o  three-layered construct ion symmetric 
about t h e  middle surface of t he  core.  
s t re tch ing  may be neglected i n  t h e  f l exura l  problem: 
A s  a consequence, the uncoupled 
(111.2j 0 u = o .  
The geometry and terminology w i l l  be completely analogous t o  t h a t  
f o r  t he  beam (Figure 111.1). 
r a d i a l  d i rec t ion  i s  defined as 
Here the  normalized co-ordinate i n  :he 
Sign conventions f o r  t he  s t r e s s  r e su l t an t s  a r e  indicated i n  Figure 
111.4, 
t he  expression is repeated here.  
"lie slope due t o  shearing is also t he  same as f o r  t h e  beam and 
xs = x -x b = Ychc/d + Yfhf/d (111.4) 
5 5  
The l imi t a t ion  of axisym-ztric loading allows a one-dimensional f i n i t e  
element representation wnich i s  more complicated than t h e  beam problem 
t h a t  circumferential  stresses and s t r a i n s  a r e  present.  
111.2.1. S t i f fnes s  Matrix f o r  Annular P la t e  Elements 
The f irst  s t e p  i n  deriving t h e  s t i f f n e s s  matrix is t h e  se l ec t ion  
of t h e  assumed displacem .nt  f i e ld .  
model ( l i n e a r  curvatures) i s  again assumed. 
co-ordinates, t h i s  f i e l d  i s  given by 
A crSic t ransverse displacement 
I n  terms of generalized 
The basic  shear s t r a i n  model i s  a l i n e a r  f i e l d  as follows: 
I n  addi t ion,  a more ref ined element w i t h  respect t o  shear may be 
obtained by using a quadratic shear s t r a i n  f i e l d  
The kinematic assumptions applied t o  t h e  axisymmetric p l a t e  are  
t he  same as those f o r  t he  beam: 
(111.7) 
However, now t h e r e  a r e  rlon-zero s t r a i n  components i n  both the  radial  
and circumferential  direct ions.  The components are 
56 
( 111.16) 
These may be applied to t h e  assumed displacement f i e l d s  i n  terms of t h e  
generalized eo-ordinates by using 
??le s t i f f n e s s  antilysis i s  a straightforward appl icat ion of t h e  tech- 
niques outlined i n  Section 11.2. 
Appendices B . l  and B.2  f o r  t h e  l i n e a r  and quadratic shear models, respect- 
ively.  
ca r r i ed  out i n  closed form. Rather numerical integrat lon using Gauss's 
formula [131] i s  incorporated i n t o  t h e  computer program f o r  t h e  i n t e g r a l  
The matrices t h a t  result are g i r en  i n  
However, t h e  integrat ion t o  obtain t h e  s t i f f n e s s  matrix i s  not 
(111.17) 
Fina l ly ,  with t h e  se l ec t ion  of t h e  vector 
Appendices, t h e  global and l o c a l  co-ordinates do not d i f f e r  and t h e  
{q) = { r )  as given i n  t h e  
t o t a l  transfoxnation matrix i s  given by [TI = [A-l] . 
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11.5.2. St i f fnes s  Matrix f o r  Disc Elements 
In the  l imi t ing  case r = 0 t h c  annular p l a t e  elements described i 
i n  t h e  previous section and i n  Appendices B.l snd B . 2  become d iscs .  
Because t h e  center cf t he  d i s c  occurs on the a x i s ,  t he re  are c e r t a i n  
cons t ra in ts  t h a t  must be introduced t o  maintain a x i a l  symmetry. 
t h e  ou t se t ,  concentrated loads at t h e  center of t he  p l a t e  are excluded 
i n  order t o  avoid the  corresponding singularity. 
requirements r e s u l t  i n  the followirg "intern?.' boundary conditions" 
[841: 
From 
Hence t h e  symnetry 
x = Yc = Yf = O  a t  r = O  ( 11i ,181 
These conditions, i n  e f f e c t ,  renove three generalized co-ordinates 
and t h e  assumed displacement f ields become 
e 
f o r  l i n e a r  shear s t r a i n s  and 
f o r  quadratic shear s t r a i n s .  The kinematic assumptions and t h e  s t r a in -  
displacement eque.4;ions f o r  annular elements a lso  apF1.y t o  the  d i s c  as 
long as t h e  new displacement f i e l d s  are used. I n  Appendices B . 3  and 
B.4 t h e  matrices a r i s i n g  from th.  s t i f f n e s s  analysis of d i s c  elements 
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with l i n e a r  a i d  quadratic shears a7.e given..  These matrices a r e  derived 
i n  t h e  same dinensional format as those f o r  t h e  annular element s o  t h a t  
they need no spec ia l  treatment i n  t h e  assembly procedure. 
111.2.3. Consistent Generalized Load Vector 
If the  d i s t r ibu ted  loads a r e  assumed t o  be l i n e a r l y  varying along 
t h e  radius,  it is an easy matter t o  perform t h e  in tegra t ion  t o  obtain 
the  geqeralized loads, Given the  trans- 
verse  load in t ens i ty  at t h e  nodes, l i n e a r l y  varying loads may be 
expressed using the  in te rpola t ion  equation 
{Qa> , 01' Equation (11.29). 
Then t h e  generalized loads are obtained from 
T [ @ I  I p > ( r i  + QE.)dS . i ($1 = 27rk 
(111.20; 
( 111.21 1 
0 
The r e s u l t s  of thi-s in tegra t ion  and of t h e  subsequent transformation 
t o  global co-ordinates a r e  given i n  Appendix B. It should be  noted 
t h a t ,  i n  t he  d iscre t ized  representat ion,  load d i s t r ibu t ions  of an 
order higher than l i n e a r  can be approximated by a l i n e a r  va r i a t ion  
over each individual  element. 
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I I i .3 .  A Doubly Curved Axisymmetric She l l  Element 
Various doubly curved elements and l o c a l  co-ordinate systems f o r  
axisy-mmetric s h e l l s  were s tudied by Khojasteh-Bakht 1841. Of t h e  
p o s s i b i l i t i e s  he considered, he w a s  able  t o  obtain bes t  results from 
(1) an element which matched t h e  pDsition, slope and curvature of t h e  
s h e l l  meridian at t h e  nodes and (2 )  a representryion of t h e  element 
geometry and displacements irA local r e c t i l i n e a r  co-ordinates. This 
formulation, which KhDjasteh-Bakht designated FDR(2), r e s u l t s  i n  an 
element which s a t i s f i L s  t h e  completeness and compatibil i ty conditions 
given i n  Secticjn 1.2.2. I C  i s  adopted fo r  use i n  t h i s  paper. 
Let t h e  l o c a l  r e c t i l i n e a r  co-ordinate system be 5 - n w d  t h e  
Choose 2 -  displacements i n  the  correspmding d i rec t ions  be u and u 
t h e  meridional and radial displacements of t he  s h e l l  reference surface 
1 
1 '  t o  b e  u and w and t h e  radius of meridional curvature t o  be R 
D e n  - he geometry shown Tn Figure 111.5 is subs t i t u t ed  fo r  t h a t  of 
an a r b i t r a r y  r o t a t i o n a l  s h e l l .  The angles a r e  pos i t i ve  as sho-m i n  
t h e  f igure  and t h e  fol1owiv.g r e l a t i o n  ap@lies  
@ + J i + B = n / 2 .  (111.22) 
Note th& 5 i s  a normalized co-ordlnate which takes  t h e  values 0 
and 1 a t  nodes !. and j , respect ively.  The meridian of t h e  sub- 
s t i t u t e  element i s  given by 
( IIJ .23a) 
where Khojastch-Bakht has shoim t h a t  t h e  cdnr,ttuits a r e  given by 




h f =  FACE THICKNESS 
h, = CORE THICKNESS 
h = h c t  2hf ,  TOTAL 
THICKNESS 
d = hc+ hf 
FIGURE m.6 AXISYMMETRIC SANDWICH SHELL GEOMETRY 
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a = t a n  Bg 1 
11 
a = tan Bi + ni/2 2 
II 11 
a4 = 3 ( t a n  Bi + t a n  B . )  - ( n  - ni)/2 
J j 
( I I I .23b)  
11 
a3 J 
The parameters i n  Equations (111.23) are obtained from 
A r = r  - r  , A z = z  - 2  j i  j 1 
1 -2 - A s  = I$ . .+  Az. 12 
s i n  J, = A r / A s  , cos J, = Az/As ( 111.24) 
s i n  Sn = cos $I 
cos Bn = s i n  $I 
cos J, - s i n  Q, n r 
cos J, + cas $ n 
s i n  $I 
s i n  J, 
n = i , j  
I n  order t o  apply a s t i f f n e s s  ansly3is t o  t h i s  s u b s t i t u t e  element, 
the  following addi t ional  re la t ionshiFs are needed: 
cos 9 = cos B ( t an  B cos $1 + s i n  J,) (111.25) 
1 
(1 + tan2 812 
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The displacement transformation equations are also necessary: 
u = u cos 8 + u2 sin B 
w = u sin B - u COS 13 1 2 
1 (111.26) 
In the next section, this doubly curved element is applied to arbitrary 
rotational sandwich shells. The assumed translational displacement 
2 fields are expressed in terms of the local displacements u and u 
and the local co-ordinate 5 . 
1 
6 3  
1 1 1 . 4 .  Axisymmetric Sandwich Shells 
The geometry of t h e  s h e l l  reference surface i s  described i n  terms 
of t he  following de f in i t i ons  f o r  t h e  parameters i n  Section 11.1: 
where R1 and 5 remain unchanged. Onlv axisymmetric loading i s  
cons5dered; therefore ,  t h e  following apply: 
0 0 0 u = u , u 2 = u  = o , w  = w  1 2 
(111.27% 
See Figures 111.5, 111.6 and 11.3 f o r  t h e  geometry and s ign  conventions. 
Like the  beam and p l a t e  analyses above, only t h e  three-layered case 
symmetric about t h e  reference surface is considered i n  d e t a i l  here .  
111.4 .l. Kinematic Assumptions and Strain-Displacement Equations 
The ro t a t ion  of the s h e l l  meridian due t o  shear remains t h e  same 
as f o r  t h e  beam and p l a t e  
The kinematic assumptions a r e  taken from Section 11.1.1 and modified 
i n  l i g h t  of Equations (111.27') t o  obtain 
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t b  
wc = Wf = Wf = 
Furthermore, t h e  s t r a i n  components of Equations (11.10) for t h e  
present notation and loading case are given by: 
&O = - , w  du 
s c  ds R1 
0 1  = - (u  cos 9 - w s i n  4 )  ‘0c r 
(111.29) 
t , b  1 
= - (u cos - w s i n  4 )  + .. 0 
&S f r r 
Hcwever, i n  order t o  emp-oy t h e  subst, tute element described i n  
Section 111.3, t h e  s t r a i n s  m u s t  be expressed i n  terms of t h e  displace- 
ments i n  l o c a l  r e c t i l i n e a r  co-ordinates. By subs t i t u t ing  t h e  t rans-  
formation of EquatLons (111.26) i n t o  Equations (111.29) and by using 
t h e  re lat ionships  given i n  Equations (111.251, one obtains 
1 
8c r EO = - (u, s i n  J, + u2 cos $1 
K = -  q” COS 2 B (1 - t a n  2 B )  + - sc  
where terms with t h e  superscript  1 invol-ve only t h e  terms with der ivat ives  
of u and u and those with superscr ipt  2 involve only t h e  y terms. 
1 2 C 
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111.4.2. S t i f fnes s  Matrix f 'or rrLxtrxn Elements 
For a l i n e a r  va r i a t ion  of shear s t r a i n ,  t h e  assumed l o c a l  displace- 
'r 
ments i n  t h e  r e c t i l i n e a r  c3-ordii?ate system a r e  
u = a  + a 4 5 + a 5  2 +a65 3 
2 3  5 
( I I I .31a)  
Only t h e  las t  two equations change f o r  t h e  quadratic v a r i a t i c n  of shear 
s t r a i n  
( I I I . 3 l b )  
The s t i f f n e s s  analysis follows d i r ec t ly  f ron  Equations (111.30) and 
[11Ia31). The r e su l t i ng  matrices f o r  t h e  l i n e a r  and quadratic shear 
s t r a i n  models a r e  given i n  Appecdices C.l and C.2 respectively.  Since 
the  in t eg ra l s  f o r  t h e  s t i f f n e s s  matrix and generalized loads,  
1 
[kaI = 21~k [BIT[G][B] cos f3 
(111.32) 
[@lT{pu} r( 1 d5 , 
cos I3 {Qa> = 27~2 
0 
cannot be readi ly  solved i n  closed form, numerical integrat ion i s  nec- 
essary t o  evaluate these quan t i t i e s .  Gauss's formula [131] i s  used i n  
t h i s  case, gust as f o r  the  p l a t e  elements. 
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111.4.3. S t i f fnes s  Matrix f o r  Cap Elements 
The case i n  which r = 0 i s  analogous t o  t h e  d i sc  spec ia l i za t ion  i 
f o r  t h e  p l a t e  elements (Section 111.2.2). A cap element is shown i n  
Figure 111.7. The i n t e r n a l  boundary conditions i n  t h i s  case a r e  
u = x = yc=yf = 0 a t  r = 0 ( 111.33) r 
where the case of a concentrated load a t  the  apex has been ex2:-’.uded. 
The first two of t h e  parameters can be c-Tressed i n  terms of t h e  l o c a l  
displacements and co-ordinates as follows : 
u = u s i n  il, + u2 cos J, r 1  
( 111.34) 
Hence t o  be cons is ten t ,  t h e  assumed displacement f i e l d s  must take t h e  
form [841 
- 
u = - a5 cos 3, + a& 1 
u = o! s i n  J, + CC t a n  + “75 2 + G8E 3 2 5  6 
( 111.35 .a) 
f o r  Linear shear s t r a i n .  For quadratic shear s t r a i n ,  t h e  last, two of 
the equations become 
2 
Yf = q o s  + Z12F 
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FIGURE III.7 - CAP ELEMENT AFTER KHOJASTEH [84] 
The matrices f o r  t he  cap element f o r  l i n e a r  and quadratic shear are 
given i n  Appendices '2.3 and C . 4  respectively.  
111 .4 .4 .  Choice of Global Co-Ordinates f o r  t he  Shc l l  
There are st least  two possible global ca-ordinate sys-:.ems i n  which 
t o  express t h e  displac2ments of the axisymmetric s h e l l .  
v i l i n e a r  surface co-ordinates ( s  ¶ e ¶ < )  and cy l ind r i ca l  co-ordinates 
( r  , 8 , 2 ) .  I n  s h e l l  theory, t he  former co-ordinate system is usually 
favored. However, it i s  possible t o  apply the  f i n i t e  element method t o  
s h e l l s  w i t h  d iscont inui t ies  of meridional slope.  A t  t h e  1 , x a t i o n s  of 
5uch d i scon t inu i t i e s ,  t h e  "radial" and "meridional" direct,i-ons are no 
longer uniquely defined. Hence it i s  not possible to use surfsce 
co-ordinates i n  t h e  assembly process f o r  these s h e l l s .  In  Appendix C ,  
transformation matrices [TI are given f o r  both curvi l inear  and cylin- 
d r i c a l  global eo-ordinate systems. The proper t ransformtyon I s  se l ec t ed  
according t o  t h e  nature of t h e  she l l  meridian. 
These are cur- 
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111.5. Examples of S t a t i c  Analysis 
The above f i n i t e  eleme, formulation has been applied t o  various 
smdwich beam, p l a t e  and s h e l l  problems and the results compared t o  
solutions from other  methods and sandwich theories .  A sampling of these 
problems is presented i n  t h i s  sect ion t o  demonstrate the  efficacy of t i l e  
method. In  general, both the  displacement and stress r e su l t an t s  from 
the  f i n i t e  element method compare favorably t o  corresponding quant i t ies  
obtained by established theories .  
theories  were adapted i n  order t o  ver i fy  t h e  f i n i t e  element solut ions 
were Yu [32], Plantma [12], March [120], Reissner [163, Kao 1531 and 
Rossettr 3 [ 521. 
Among t h e  references from which 
111.5.1. End-Loaded Cantilever Beam 
A cant i lever  sandwich %earn of un i t  width with a un i t  load at t h e  
free end illustrstes the e f f ec t  of a constraint  on t h e  warping. 
dimensions and propert ies  are selected as follows: 
The 
hc = 0.5" , hf = 0.04" , h = 0.58" 
Ef = 10 p s i  , G = 4 x 10 p s i  , K~ = 1 7 6 f 
E = 2 x 10 ps i  , Gc = 10 ps i  , K C = l  4 4 
C 
span L = 10" , load P = 1.0 l b .  
Evenly spaced meshes of 5 and 10 elements as w e l l  as uneven meshes are 
used f o r  both l i n e a r  shear s t r a i n  ( L  elements) and quadratic shear s t r a i n  
(Q elements). 
The displacement solut ion fo r  5-L elements i s  shown i n  Figure 111.8; 
the  displacements from a 5-4 analysis  f a l l  about midway between the  5-L 
r e su l t  and the  solucion cf ?efP For a l l  meshes 82d elements 
used, t he  overa l l  stress res .- i % ' . :  correct  t o  about f i v e  s ign i f icant  
' i .  
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f igures ,  so  these r e s u l t s  a r e  not shown graphically.  O f  i n t e r e s t ,  how- 
ever,  is t h e  d i s t r ibu t ion  of shear i'orce between the facings and core.  
The f r ac t ion  of t he  shear assumed by t h e  core is shown i n  Figure 111.9. 
The theory from Sec-cion 1.2 of Reference [12] does not take  i n t o  account 
e i the r  t he  warping behavior o r  t h e  beqding s t i f f n e s s  of the facings; it 
assumes t h a t  all shear is taken by the core. The refinement t o  take 
in to  account t h e  r e s t r a i n t  on warping and t h e  consequent f l e x u r e o f  t h e  
facings about t h e i r  own middle surfaces i s  given i n  Section 1.3 of that  
Reference. 
theory [32] considers both t h e  warping and the shearing of t h e  facings 
and thus gives t h e  d i s t r ibu t ion  of shear among the various layers .  
Figure 111.9 demonstrates that  with a proper mesh refinement, t h e  
This formulation i s  due t o  van der Neut. F ina l ly ,  YL'S 
f i n i t e  element method gives an adequate representat ion of t h i s  phenomenon. 
Moreover, t h e  quadratic shear-s t ra in  elements enable a sa t i s f ac to ry  rep- 
resentat ion w i t h  fewer elements. 
most of t h e  shear t o  be ca r r i ed  by t h e  facings.  
i s m  of t h i s  r ed i s t r ibu t ion  i s  shown i n  Figures 1II.lOb and 111 .10~.  In  
these figure;, t he  shear force car r ied  by each l aye r  is t h e  area under 
t h e  stress diagram. 
The constraint  against  warping causes 
The approximate mechan- 
Fai lures  have been found t o  occur i n  the  facings near fixed supports 
of aerospace sandwich s t ruc tures .  
are usually doubled i n  thickness i n  these  regions. 
give an insight  i n to  t h e  shear r ed i s t r ibu t ion  which necess i ta tes  t h e  
use of such doubler p l a t e s .  
su i t ed  fo r  design of doubler p la tes  s ince the computer pmgram is read- 
i l y  modified t o  account f o r  elements with d i f f e r i n g  face thicknesses.  
Hence it is possible t o  include these  reinforcing layers i n  t h e  analysis .  
As an a l t e rna t ive ,  it is possible t o  assume t h a t  doubler p la tes  
For t h i s  reason, t h e  facing layers 
The above r e s u l t s  
In  f a c t ,  t h e  f i n i t e  element method is  
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ef;?ctively c rea te  a sect ion at the i r  cut-off point which i s  very stiff 
with respect t o  bending ro ta t ion ,  but which is free t o  w a r p .  Hence one 
could assume t h a t  t h e  boundary of t h e  s t ruc tu re  occurs a t  t h e  cut-off 
potnt of t he  p la tes  and Could apply boundary conditicns that prevent 
bending ro t a t ion  but not warping. 
-8 
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( o 1 NAVIER - KIRCHHOFF THEORY 
ycz 1 T ( z  1 
(b  1 PRESENT APPROXIMATE THEORY - SECTION FREE TO WARP 
y(z ) = X ,  T(z 
( c 1 PRESENT APPROXIMATE THEORY - UNWARPED SECTION 
FIGURE IU. IO APPROXIMATE SHEAR STRAIN AND STRESS 
DISTRIBUTIONS ( Gc<< Gf 1 
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111.5.2 Uniformly Loaded Clamped Circular P la te  
A c i r cu la r  p l a t e  w i t h  a r e l a t ive ly  la rge  r a t i o  of t h e  thickness 
t o  the radius is chosen so t h a t  the e f f e c t  of shearing on t h e  deflec- 
t i ons  is subs tan t ia l .  When t h e  dimensions and propert ies  of t he  p l a t e  
a re  taken t o  be 
he = 0.75" , hf = 0.025" , h = 0.8" 
7 Ef = 10 
Ec = 2.6 
p s i  , vf = 0.3 , Gf = 3.85 x 10 6 p s i  , K f = l  
4 4 
x 10 p s i  , Vc = 0.3 , G = 10 p s i  , K = 1 
radius a = 5" , load p, = 1.0 g s i  
C C 
t h e  shear f lex ib i l i t ; ?  accounts f o r  about 85% of the center  def lect ion.  
"he so lu t ion  used f o r  a comparison is a superposit ion of shear 
def lect ions after Plantema [12] and bending def lect ions after Timo- 
shcnko [132]. 
warping at the f ixed  circumference. 
This so lu t ion  does not take  i n t o  account prevention of 
F in i t e  element results are obtained using even meshes of 5, 10,  
and 20 elements w i t h  both l i n e a r  (L) and quadratic (Q) shear models. 
Each representation i s  solved using t h e  two possible fixed-edge boundary 
conditions , I.e. , with varping prevented (U) and w i t h  warping allowed 
(W). 
s igni f icant  figures, so they are not shown graphically.  This accuracy 
i s  t o  be expected s ince  the true shear d i s t r ibu t ion  is l i n e a r  and thus 
can be represented exact ly  by e i t h e r  shear model. The bending momznts 
do not d i f f e r  s ign i f i can t ly  fo r  thz two representations of t h e  boundary 
conditions o r  f o r  tile two shear models. However, there  i s  some d i f f e r -  
ence i n  t h e  def lect ions f o r  t h e  various cases. When warping is preven- 
ted ,  t he  Q elements converge more rapidly t o  a f i n a l  value than do the  
L elements. Figure 111.11 shows t h a t  t h i s  value is within about 2% of 
In  all cases,  t h e  shear stress re su l t an t s  are cor rec t  t o  nine 
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t h e  def lect ions f o r  t h e  unwarped case. Thus l inear-shear elements w i t h  
boundary conditions tha t  permit warping a r e  probably su f f i c i en t  t o  
obtain t h e  gross behavior. 
t r i bu t ion  of t h e  shear between core and facings,  one must include t h e  
r e s t r a i n t  on warping. In  t h i s  case, t h e  ref ined Q elements give 
more rapid convergence f o r  displacements and shears (see Figures 111.9 
and 111.11). 
However, i f  one wishes t o  consider the dis- 
The radial moments f o r  t h e  clamped p l a t e  are shown i n  Figure 111.12. 
Results of about t h e  same qual i ty ,  o r  s l i g h t l y  better,  are obtained for  
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111.5.3. Hemispherical She l l  Under Membrane Load 
I n  order t o  check the  e f fep t i reness  of t h e  bas ic  element and of 
t he  computer program f o r  s h e l l s ,  t he  membrane states of both cy l ind r i ca l  
and spherical  s h e l l s  have been invest igeted.  Generally, t h e  r e s u l t s  a r e  
sa t i s f ac to ry  i n  t h a t  both def lect ions and stress r e su l t an t s  agree with 
theo re t i ca l  values. A t y p i c a l  example is presented here. The sandwich 
hemisphere has the  following propert ies :  
= 0.5" , hf = 0.04" - 
7 Ef = 10 p s i  , v i  = 3 . 3  , Gf = 3.85 x l oL  p s i  , K = 1.0 
p s i  , K = 1.0 
f 
4 
a = 100" , load p, = - 1.0 p s i  
, vc = 0.3 , Gc = 10 4 
radius 
= 2.6 x i o  p s i  
EC C 
.Three- and nine-element representat ions are used with both l i n e a r  
shear and quadratic shear.  Results a r e  e s sen t i a l ly  t h e  same f o r  the 
two shear-s t ra in  models, so  only t h e  solut ion using t h e  less re f ined  
model i s  pFesented here. 
When rol-er supports t h a t  r e s t r i c t  only t h e  meridional displace- 
ments a t  t he  f r e e  edges a r e  used, the theo re t i ca l  so lu t ion  [132, 1331 
i s  given by 
2 
= E h + 2Efhf ( 'eff  ; c c  
. .  
Subst i tut ing the  proper values , one obtains 
= Ne = 50 l b . / i n .  
NS 
w = - 0.004305" 
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The finite element solution for three elements is shown in Figure III.13. 
It is seen that the results agree very closely with the theoretical 
answers, 
it does not differ significantly from the exact sol.ution. 





111.5.4. Edge-Loaded Cylindrical  Shel l  
A sandwich cylinder with the  following propert ies  i s  examined next: 
hc = 0.5" , hf = 0.04" , h = 0.58" 
7 = 0.3 , Gc = 10 4 p s i  , K = 1 ' Vf C Ef = 10 p s i  
radius a = 20" 
end shear = '1.0 lb . / in .  , end moment = 1.0 in-lb./in. 
Th? core bending and extensior, and t h e  face shearing are neglected by 
taking 
E = o , G~ = io2' p s i  , Kf = 1 
C 
These e f f ec t s  have been omitted i n  order t o  compare t h e  results t o  
Reissner I s  solut ion f o r  a semi-infinite cyl inder  [ 161. 
In  approximating a semi - in f in i t e  cylinder by a f i n i t e  one, two 
d i f f e ren t  types of boundary conditions at t h e  unlcaded edge are possible .  
Constraint on both meridional t r ans l a t ion  and bending ro t a t ion  at t h i s  
edge provides a better approximat!.on than constraint  on meridional trans- 
l a t i o n  alone. 
elements with element lengths of me i r h  and one-half inch. 
s h e a r s t r a i n  elements are used. 
through 111.17. It is  seen t h a t  t h e  t o t a l  length of t h e  f i n i t e  element 
representation is an important consideration. Despite a f i n e  mesh, t h e  
representation using 1 C  one-half inch elements f o r  zi t o t d  length-radius 
r a t i o  of 1 / 4 i s  inadequate. Sat isfactory results are obtained w i t h  10 
one-inch elements and t h e  other two meshes provide fu r the r  refinement. 
"he cylinder is represented by even meshes of 10 and 20 
Linear 
Results are shown i n  Figures 111.14 
I 
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111.5.5. Shallow Spherical  Cap with P a r t i a l  Distr ibuted Loading 
The f i n a l  s h e l l  problem presented here  is a simply supported 
shallow sgher ica l  cap subject  t o  d i s t r ibu ted  loading over a portion of 
i t s  surface.  
Thomson functions has been given by Rossettos [52]. 
shearing of t h e  facings and the  bending and extension of t h e  core, so 
t h e  following propert ies  are selected:  
"he closed-form so lu t ion  f o r  t h i s  problem i n  terms of 
H e  neglects t h e  
20 , Vf = 0 . 3  , Gf = 10 Ef = 10 p s l  p s i  , Kf = 1 7 
5 Ec = 0 , Gc = 10 p s i  , . K ~  = 1 
radius a = 20" , supported edge at 41 = 15' 
A uniform load of 1 p s i  is applied i n  t h e  axial d i r ec t ion  over t h a t  
portion of t h e  surface given by 0 < $I < 3 O  . 
The cap is  analyzed using 5 and 10 linear-shear elements. 
- -  
Deflec- 
t i o n  results are presented i n  Figures 111.18 and 111.19, and stress 
resu l tan ts  are p lo t ted  i n  Figures 111.20 t o  111.22. 
factory results are obtained from t h e  5-element representat ion.  The 
small difference between t h e  5- and 10-element results indicates  t h a t  
In  general ,  satis- 
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111.5.6. Effect of Varidus Contributions t o  Beam St i f fness  Matrix 
Various approximations a re  possible i n  analyzing sandwich s t ruc-  
tures. Any one o r  combinations of t he  following may be neglected: (1) 
shearing of the facings, (2) bending of the  f a c i t s s  about t h e i r  own 
middle surface,  (3 )  bending of the core about i t s  middle surx'ace and 
s t re tcking of -;;he core, and (4) shearing of t h e  core. 
s t re tching of t he  facings is not neglected. In addi t ion,  approximation 
Generally, t he  
(4 )  would not be va l id  f o r  sandwich construction with the ty-picsl 
properties used i n  the  preceding examples. However, s ince the  present 
theory places no r e s t r i c t i o n  on t h e  r a t i o s  of layer  thicknesses and 
propert ies ,  t he  approximation may be applied t o  other  configurations. 
Th..; ef fec t  of each of these bpproximations can be evaluated with the 
f i n i t e  element. method by choosing an appropriate value of the modulus 
when computing a contr i 'u t ion t o  t h e  stiffness matrix. 
t ions  (1) and (4) the  shear modulus of t h e  corresponding layer  is set 
t o  a very large value ;e.g., lo2' p s i )  and f o r  approximations (2) snd 
(3 )  the Young's mdulus of t h e  proper layers  is set t o  zero. 
resu l t ing  solutions are compared t o  t h e  case f o r  which none o f  me 
For approxima- 
The 
ef fec ts  i n  question are neglcctzd. 
This process is now applied t o  a simply supported beam subject t o  
a uniformly d is t r ibu ted  load and represented by t e n  l i n e a r d h e a r  ele- 
ments. 
Ef = 10 
assurced that the shear stress correction fac tors  are unity.  Various 
The basic beam has a uni t  width and depth, a face modulus of 
7 ps i  and a Pcirzon r a t i o  of 1/3 for both face and core. It is 
values Qf the follcwing r a t i o s  a re  selected i n  order t o  vary t h e  para- 
u t e r s  t h a t  a f f ec t  t h e  so lu t ion :  
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r = h / h  h f c  
r = h/L L 
xhere L is the  spa5 length and t h e  other  parameters have been defined 
Treviously. A s e t  of curves f o r  f ixed values of rh and r and a 
var ia t ion  of r is shown i n  Figure 111.23. The ordinates ,  which are 
Fercent errors, are based upon t h e  average value of t h e  r a t i o  of t h e  
L 
Q 
2isplacenents fo r  the approximate and "exact" cases.  Families of such 
curves could be generated i f  desired.  Koch [301 has already published 
several  such curves f o r  beams and p l a t e s  using c e r t a i n  simplifying 
sssxnptions. 
Although the er rors  Cue t o  approximations f o r  d i f f e r e a t  s p e c i f i c  
ccnfigurations (e.g.  , simply supported b e a s  vs .  can t i lever )  may be 
smewkat differezt, t h e  t rend  is  the same; and some general izat ions 
zay t e  made from curves f o r  simple s t ruc tures .  For example, i n  Figure 
I T -  ~ ? . 2 3 ,  incressing values of r correspond t o  cores which are 
g 
l rcreasingly weak with respect  t o  t h e  facings.  As t h e  curves ind ica te ,  
h r g ~  er rors  may be expected from neglecting the bending of a s t rong 
cere a? the  shearing of t h e  w e a k  core. A fu r the r  i n t e re s t ing  conclusion 
is t h a t  the bending of t h e  facings about their  own middle surface is 
s i g l f i c a n t  f o r  very weak cores, desp i te  t h e  f a c t  t h a t  t h e  facings them- 
sels-es are very thin.  
-.-Lues cf  r 
role in csusing t h e  core t o  ieform i n  shear. 
s ign i f i can t  because of i t s  e f f ec t  on another mechanism of t h e  f l e x u r a l  
This nay be explsined by t h e  f a c t  t h a t  f o r  high 
, t h e  Sending s t i f f n e s s  of t h e  r'ecings plays an important 
g 
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111.5.7. Discussion of Examples 
'I%e above r e s a l t s  deaonstrate t h e  Dotential  of the  f l n i t e  elenent 
method of analysis  fo r  sandxich s t ruct i l res .  Although no examples are 
presented for  closed s h e l l s  which a r e  not shallow, t h e  computer program 
i s  capable of solving them. The reason such examples a re  not included 
i s  t h e  absence of published solut ions w i t h  which t o  compare them. The 
main purpose 
elenent analycis ccwerges t o  knom solut ions.  
t h e  examples has been t o  demonstrate t h a t  the f i n i t e  
Insofar as t h e  warplng phenomenon due t o  shear i s  approximated, 
the f i n i t e  element results a r e  superior  t o  those from some a2proximate 
sandwich theories  which neglect t h i s  e f f ec t .  In  p a r t i c u l a r ,  the  
shearing s t i f f n e s s  of t h e  facings becomes important at f ixed supports 
where warping is prevented and a t  concentrated t ransverse loads. 
common assumption f o r  sandwich construction is  t h a t  al l  t h e  shearing is 
taken by t h e  core [12]. Hence t h e  facings a re  assumed t o  be i n f i n i t e l y  
s t i f f  i n  shear. However, i f  the core ca r r i e s  a l l  of the shear at a sec- 
t i o n  where warping is  prevented, the facings m u s t  be considered inf in-  
i t e l y  f l ex ib l e  a t  such sect ions.  Unless t h i s  incots is tency i s  elimina- 
t.ed by recognizing that the facings m u s t  carry a s ign i f i can t  port ion of 
t h e  shear at t h e s i  loca t ions ,  t h e  r e su l t i ng  def lect ions w i l l  be too 
large.  This d i f f i c u l t y  has been recognized by Plantema [12]. (The 
corresponding phenomenon f o r  homogeneous beams is  discussed by Timoshenho 
[129]). 
the  d i s t r ibu t ion  of shear between t h e  facings and t h e  core. This i s  
i l l u s t r a t e d  by t h e  first two examples above. 
A 
The present f i n i t e  element formulation permits determination of 
The r e l a t i v e  advantages of l i n e a r  and quadratic shear models a re  a l s o  
i l l u s t r a t e d  i n  t h e  examples. 
here,  the  use of quadratic shear introduces two extra equations i n  the  
Far t h e  one-dimensional problems considered 
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s t a t i c  condensation fo r  each element. The advantage of t h e  refinement i s  
t h a t ,  where there  i s  a rapid var ia t ion  of shear,  t h e  quadratic shear rep- 
resentat ion w i l l  produce sa t i s f ac to ry  results w i t h  a coarser mesh. 
t h e  other  hand, the moments may only vary l i nea r ly  along the length when 
a cubic transverse displacement and a quadratic shear s t r a i n  are used. 
With t h i s  l imi ta t ion  on t h e  var ia t ion  of t h e  moments, it is perhaps 
inconsistent t o  have a more ref ined model f o r  the shear because a rela-  
t i v e l y  f i n e  mesh may be needed t o  obtain accurate moments, 
f o r  s t ruc tures  which cannot warp f r ee ly  i n  shear ,  the va r i a t ion  of t h e  
d i s t r ibu t ion  of shear between core and facings is very rap id  near 
On 
However, 
. res t ra ined  sect ions.  Indeed, t h i s  var ia t ion  is  exponential [12] and i s  
usual ly  more pronounced than t h e  var ia t ion  of moment over t h e  same 
length. Thus f o r  sose prablems the re f ined  shear model seems j - s t i f i e d .  
The deflect ion of homogeneous beams including t h e  e f f e c t  of shear 
w a s  s tudied by using t h e  same propert ies  f o r  facings and core and by 
making t h e  facing thickness very s m a l l  i n  r e l a t ion  t o  the core thickness.  
Then w i t h  t he  value of K~ = 2/3 , which is appropriate for rectangular 
cross-sections, t h e  def lect icns  are iden t i ca l  w i t h  those given by Timo- 
shenko [1291. 
When t h e  shear i s  neglected by s e t t i n g  t h e  shear modulus t o  an 
extremely l a rge  value, t he  f i n i t e  element solut ions f o r  homogeneous 
s t ruc tures  (same material propert ies  f o r  core and facings)  reduce t o  
t h e  c l a s s i c a l  solut ions.  For ro t a t iona l  s h e l l s ,  t h i s  means t h e  r e s u l t s  
become exactly the same 9s those obtained by Khojasteh-Bakht's f i n i t e  
element analysis  f o r  e l a s t i c  problems [84]. 
p l a t e s ,  t h e  solut ions closely approximate those of elementary theory 
[129, 1321. 
For beams and c i r cu la r  
CKAPTER I V :  FREE VIBRATION ANALYSIS OF ELASTIC 
SANDWICH STRUCTURES 
I V . l .  Lumped Translat ional  and Rotatory I n e r t i a  
The mass of t h e  s t ruc tu re  is. concentrated a t  the  nodal points  so 
t h a t  t he  i n e r t i a l  propert ies  can be represented by a diagonal mass 
matrix. 
cedure provides sa t i s f ac to ry  fundamental frequencies and mode shapes 
with l e s s  computational e f f o r t  than t h e  consis tent  ( o r  d i s t r ibu ted )  
mass approach. For the  same number of nodal po in ts ,  t h e  former method 
r e s u l t s  i n  fewer equations f o r  t h e  eigenvalue problem. When meshes 
a r e  arranged so  the re  are t h e  same number of eigenproblem equations 
f o r  both techniques, Fel ippa 's  results f o r  homogeneous p l a t e s  indi-  
ca t e  t h a t  t h e  lumped mass approach produces the  more accurate  fre- 
quencies. The consis tent  mass method is less e f f i c i e n t  than t h e  
lumped m a s s  scheme f o r  two main reasons. F i r s t ,  s t a t i c  condensation 
(Section -1.2.6) cannot be applied t o  consis tent  mass systems. 
Second, addi t iona l  condensation can be car r ied  out f o r  t h e  lumped 
m a s s  representat ion on the  external  degrees of freedom which do not 
correspond t o  concentrated masses. This process i s  p-'scribed i n  
Section IV.2. 
Felippa [57, 591 has demonstrated t h a t  t h i s  lumped mass pro- 
N.l.l. Arrangement of Lumped Masses 
Rotatory i n e r t i a  has been shown t o  be a more important f ac to r  i n  
t he  v ibra t ion  of sandvich p l a t e s  [341 than i n  t h e  dynamics of homogen- 
eous p l a t e s  [72],  The e f f ec t s  of t h i s  type of i n e r t i a  i s  discussed i n  
Sectior, I V . 3 .  I n  t h i s  sect ion a physical i n t e rp re t a t ion  of t h e  lump- 
ing process i s  given. 
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NODE i-l NODE i NODE i+ l  
( a  LUMPED MASS FOR TRANSLATIONS 
NO E i t l  I I I P NODE i NODE i - I I 
( b )  LUMPED MASS FOR ROTATION 
FIGURE IZ. I ARRANGEMENT OF LUMPED MASSES 
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For t r a n s l a t i o n a l  displacements it i s  s u f f i c i e n t  t o  idea l i ze  t h e  
How- lumped mass as a point on t h e  reference surface (Figure 1 V . l a ) .  
ever, f o r  ro t a to ry  e f f e c t s ,  t h e  d i s t r i b u t i o n  of t h e  mass through t h e  
depth of t h e  beam must be maintained. 
sandwich s t ruc tu res  where t h e  outer-mcst layers  , t h e  facings , m y  be 
much denser than t h e  core. .Hence, one can v i sua l i ze  the mass as being 
lumped along t h e  material l i n e  o r i g i n a l l y  normal t o  t h e  reference sur- 
face,  w i t h  no concentration of t h e  mass across t h e  depth (Figure 
1V.l .b).  
of i n e r t i a  of the  cross sect ion by the tr ibutary area. 
This i s  e s r e c i a l l y  t r u e  f o r  
In  e f f e c t ,  t h i s  i s  t h e  same as multiplying t h e  mass moment 
It should be noted tha t  the  ro t a to ry  i n e r t i a  i s  associated with 
This 'b t h e  ro t a t ion  of the normal t o  t h e  reference surface, i . e . ,  
displacement i s  chosen as an external  degree of freedom at  each node 
(Section 11.1.5). 
t h i s  degree of freedom i n  assembling the  equations of motion. 
The lumped rotatory i n e r t i a  thus corresponds t o  
IV.1.2. Determination of Tributary Area 
For beams t h e  determination of t h e  t r i b u t a r y  area is elementary. 
It i s  merely the product of the width  and t h e  length of half of each 
of t h e  adjacent elements (Figure I V . 1 ) ;  For ro t a t iona l  shells of arbi- 
t r a r y  meridian, t h e  calculat ion is  more d i f f i c u l t .  
ure would be t o  divide t h e  area of each element a t  a circumference 
which i s  equivalent t o  t h e  centroid of the area. 
ninat ion of t h i s  centroid would require  more information than i s  
needed t o  construct t he  s u b s t i t u t e  element (Section 111.3). Hence the 
t r i b u t a r y  area f o r  each node is  taken as t h a t  a r ea  of t h e  two adjacent 
s u b s t i t u t e  elements between the node and the points on the meridian 
where t h e  l o c a l  eo-ordinates 5 are . This representation w i l l  be 
A l o g i c a l  proced- 
However, the  deter-  
1 
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most accurate f o r  s h e l l s  approaching a cy l ind r i ca l  conf i g w a t  ion and 
l e a s t  accurate f o r  very f l a t  s h e l l s  and c i r cu la r  p l a t e s .  
as the  mesh i s  re f ined ,  t he  difference between ,thei:centroid and t h e  
point  5 = - diminishes. Therefore, t h i s  appmximate approach is con- 
s i s t e n t  w i t h  t he  other  approximations i n  geometry t h a t  are used f o r  t h e  




The element of a rea  of t h e  s h e l l  reference surface is  given by 
This i s  integrated over t he  appropriate range of 5 using Gauss' in te-  
gra t ion  formula simultaneously w i t h  t h e  similar numerical ' in tegrat ions 
f o r  t he  element s t i f f n e s s .  Whereas a ten-point in tegra t ion  i s  used f o r  
t h e  s t i f f c e s s  f o r  0 < 6 < 1 , five-point summation is  employed f o r  each 
of t h e  qreas 0 < 6 < - and - c 5 < 1 . 
- -  
1 1 
- _  - 2  2 -  - 
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IV.2. :ormulation of the Eigenvalue Problem 
In the absence of velocity-dependent damping, the equations of 
motion in matrix form may be written 
where {V(t)) are the nodal forces, {v(t)) are the nodal displace- 
ments, [MI is the mass matrix and [K] is the stiffness matrix for 
the overall structure. Following the usual procedure for free vibra- 
tions, the displacements of the unloaded structure are assumed to be 
harmonic with frequency w 
where (w) is the vector of displacement amplitudes. As a result, 
the accelerations are proportional to the displacements 
and the eigenvalue problem is stated as 
(IV.2) 
However, standard computer subprograms for determining eigenvalues and 
eigenvectors of a symmetric makrtor-' $ref based ,r\pba;::the formulation 
(IV.3) 
Therefore, the vibration problem of Equation (IV.2) must be reduced to 
the standard form ( b . 3 )  
10 3 
Felippa [ 57, 591 advocates a techrdque which simult.aneously t rans-  
forms t h e  equations t o  standard form and condenses t h e  degree of t he  
problem. 
results and a l so  uses and preserves the  banded nature of [K] Felip- 
pa ' s  approach is  adopted here and i s  now described. 
This method is  e f f i c i e n t  i n  t h a t  it gives numerically accurate 
With t h e  lumped mass procedure, t he  mass matrix i s  diagonal and is 
thus designsted PM; Moreover, non-zero elements occur on t h e  diag- 
onal only i n  posit ions corresponding t o  degrees of freedom which are 
associated with concentrated masses. 
t i on ,  these degrees of freedom are t h e  t r ans l a t ions  and, i f  ro t a to ry  
i n e r t i a  i s  included, t h e  ro t a t ions  due t o  bending. Ccnversely, there 
are no masses associated with t h e  warping. 
involve t h e  non-zero elements need be retained i n  t h e  eigenvalue prob- 
l e m .  If t h e  t o t a l  nmber of equations is  N and the  nrfiber of lumped 
masses i s  
For t h e  problem under considera- 
Only t n e  equations t3at 
Nr < N , t h e  followi-ng sets of equations are solved 
(rv.4) Nr [K!{f.) = {ei} , i =.1, ..., 1 
"he s t i f f n e s s  
i n  Section 11.3, so the  solutions ( I V . 4 )  are e f f i c i e n t l y  achieved. 
vector i s  a u n i t  vector w i t h  zercs a t  a l l  locat ions except the 
one corresponding t o  t h e  ith lumped mass. As a r e s u l t ,  {fi) is  the 
column of t h e  f l e x i b i l i t y  matrix 
[K] has already been t r iangular ized by t h e  method given 
The 
(e .  1 
1 
[F] = [K]"' 
and, spec i f i ca l ly ,  is t h e  column associated w i t h  the  ith lmped-mass 
degree of freedom. It i s  possible t o  s e l e c t  t h e  N elements of each 
of t h e  
thus t o  construct t h e  Nr x Nr f l e x i b i l i t y  [TI . I n  e f f e c t ,  t h e  N 
degree eigenvalue problem of Equation ( IV.2)  has now been reawed tc! 
r 
{ f . )  vectors which correspond only t h e  concentrated map ,ses and 
t h  
1 
1.0 4 
t h e  Nr th degret eige-,value problem 
This equation i s  readil: transformed t o  standard form ( ~ 1 . 3 1  by premu1t.i- 
plying by 
of those ( X f  
1 - -  
1MJ2 , t he  diagonal matrix whose elements a r e  t h e  square root 
EEJ . Hence 
[X]{x.i 1 = xi{xil . i = 1, . . . , Nr 
where 
(IV.3) 
An advantage of t h i s  forruu3.ation of t he  problem is  tha t  :he SmaiAeStJ 
frequencies L \ ;  correspond t o  c;he l a r g e s t  eigenvalues A. . 2,ccause 
eigenvalue programs generally compute roots  t o  within an abschi te  t o l -  
erance, t h e  l a rges t  A .  w i l l  have t h e  smallest" r e l a t i v e  e r ro r .  In  
the  computer progrm, the  f l e x i b i l i t y  matrix [TI is  not separately 




[?? -'is obtained frm 
* 
An a l t e r n a t e  approach t o  f o m - d a t i n g  the  reduct.. eimenvalue prc%lem 
i n  standard fcmi would be t G  perform 8 s t a t i c  condensation (Section 
11.2.6) on the  degrees of  freedom not corresponding t o  lumped masses. 
Then, t h e  reducea problem 
can be tran: iomed by premultiplying by EflJ . Kowever, t h e  dis-  
advantages of t h i s  procedure a r e  t h s t  (1) t h e  banded nature of [K] 
is  destroyed i n  rearranging ,JWS and columns f o r  t he  condensation and 
( 2 )  lowest frequencies correspond t o  lowest eigenvalues. 
-c Ell;,} = u;rEJ{Gi1 
Eqdations (IV.41, it is modified using Equation (Iv.6a) to construct 
the CP. .. ,ding portion of [XI . 
3rc, -;Le eigenvectors { li have been found for the standard 
form, the canplete moCe shapes can be recovered using the triangular- 
ized stiffness matrix. Inertial lo& of the form 
1 
are expanded to N x l  3y the addition cf zerg elements corresponding 
to the condensed degrees of freedom. 
structure using 
When these are appliedto the 
the solution of the equations gives the desired mode shape. 
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IV. 3. Vibrat Zon Modes 
Like t h e  dynamic analysis  of homogeneous s h e l l s  ed'8 p la t e s ,  the  
study of the f r e e  vibrat ions of sandwich s t ruc tu res  is primarily con- 
cerned w i t h  the  most Omdamental modes of deformt ion .  These modes 
correspond t o  the  lowest branches of the frequency equation f o r  three- 
dimensional theory. 
types of behavior is d i f f e ren t  f o r  homogeneous and sandwich s t ruc tu res .  
In par t i cu la r ,  t he  thickness shearing modes a r e  of lesser importance 
f o r  t he  homogeneous case s ince  they occur at extremely high frequen- 
c ies  i n  r e l a t i o n  t o  t he  pure f l exura l  deformations. This is not nec- 
essar.'.ly t r u e  f o r  sandwiches because they are more f l e x i b l e  i n  stear.  
Depending upon the  nature  of the v ibra t jon  environment and upon the  
propert ies  and configuration of the sandwich s t ruc tu re ,  the thickness- 
shear modes may be qu i t e  s ign i f i can t .  
However, the r e l a t i v e  importance of t h e  various 
Thickness-shear deformations are those i n  which the shearing 
across t h e  depth of t h e  s t ruc tu re  i s  predominant. 
three-layered construction used i n  t h e  examples of t h i s  d i s se r t a t ion ,  
t h e  mode is character ized by a t angen t i a l  displacement of one facing 
r e l a t i v e  t o  t h e  other.  
the  f i n i t e  element method, for  thickness-shear behavior t he  s lope 
dketobending,  
at any locat ion cja t he  reference surf&:e. 
deformation is so closely r e l a t ed  t o  the  ro t a t ion  of t he  s t ruc tu re  
cross-sections,  it i s  necessary t o  include t h e  ro ta tory  i n e r t i a .  
Otherwise t h e  mu& w i i i  not appear i n  t he  f r e e  v ibra t ion  ana lys i s .  
Thus, f o r  t he  
In terms of t h e  displacement parameters of 
xb , and t ha t  due t o  shear,  . x s  , a r e  of opposite s ign  
Because t h e  shearing 
The importsnce of thickness-shearing modes has been discussed by 
Yu [ 33, 34, 371 and Chu [461. It. w i l l  be fu r the r  emphasined i n  t he  
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examples of Section IV.4 below. However, a brief q u a l i t a t i v e  review of 
the re la t ionship  of t h e  various v ibra t ion  modes is nov given. Figures 
IV.2 and N . 3  demonstrp:e t h i s  re la t ionship.  It should be  emphasized 
that these two Figures are merc~y  qua l i t a t ive  sketches t o  illustrate 
t h e  modal behavior. They do not represent results calculated fo r  a 
par t i cu la r  s t ruc ture .  Moreover, the use of cont imous curves f o r  each 
mode implies an i n f i n i t y  of possible wave lengths  and hence a s t ruc-  
ture of i n f i n i t e  length. For a simply supported, f in i te - length  
s t ruc tu re ,  the wave lengths nust be integer  f r ac t ions  of t he  s t r u c t u r e  
length. Hence a f i n i t e  s t ruc tu re  would be represented only by points  
on the  modal curves corresponding t o  admissible abscissas .  
Figure IV.2 sho-ss t h e  two primary modes of a one-dimensional, f l a t  
s a n h i c h  s t ruc tu re ,  i.e., a beam o r  an axisvmmetric p la te .  Point A 
is known = the  "thickness-shear cut-off frequency" o r  the  "simple 
thickness-shear mode." It co r re spnds  t o  an i n f i n i t e  wave length and 
thus represents  pure shearjng deformation. If the ord ina te  OA i s  
s u f f i c i e n t l y  small, t h e  shearing mode becomes s ign i f i can t  i n  anaiysis  
and design. For example, if  the points  F1 and F2 indica te  t h e  two 
lowest f l exura l  frequencies , the thickness-shear cut-off becomes the 
second lowest na tura l  frequency of t h e  s t ruc tu re .  
Fox t h e  axisymmetric vibrat ions of a sandwich cyl inder ,  t h e  th ree  
* 
lowest branches of t h e  frequency equation a r e  shown i n  Figure IV.3. 
H F r e ,  point A has t h e  same s igni f icance  as f o r  the p l a t e .  Moreover, 
f o r  an i so t ropic  cyl inder  the simple thickness-shear frequencies are 
t h e  same fo r  the  longi tudinal  and circumferential  d i r ec t i an ,  so some 
* 
Wilkinson [134] has descr i ted  a similar three-branch theory f o r  
spher ica l  sandwich s h e l l s .  
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FiGURE IE.3 AXSYMMETRIC VIBRATION MODES OF A 
CYLINDRICAL SHELL 
ins ight  is gained f o r  t h e  asymmetric behavior. Point B corresponds 
t o  a pure radial expansion o r  "breathing" mode. The r a d i a l  and thick- 
ness-shear curves are close together  f o r  nearly al l  sandwich cylinders.  
In f a c t ,  Yu [37] has shown that t h e i r  r e l a t i v e  posi t ions are in t e r -  
changed for su f f i c i en t ly  low r a t i o s  of ra3ius Lo thickness.  
r a d i a l  mode is s ign i f i can t ,  t h e  determination of the thickness-shear 
frequencies is a lso  essen t i a l  i n  the dynaaic analysis  of cy l ind r i ca l  
sandwich s t ruc tures .  
Since t h e  
In both Figure IV.2 and Figure IV.3, t h e  point 
r i g i d  bcdy t r ans l a t ion  of  the s t ruc tu re  as a whole, a motion which is  
characterized by a zero na tu ra l  Prequency. 
0 represents  
IV.4. Examples of Free Vibretion Analysis 
"he f i n i t e  element analysis  has been used t o  obtain the  funkmen- 
tal frequencies and m9de shapes fo r  several  beams. p l a t e s ,  and s h e l l s .  
Whe-e r e s u l t s  from other  sandwich theories  a r e  avai lable  for  compari- 
son, t he  approximate method provides reasonable agreement f o r  t h e  
iower frequencies computed. In t h i s  sec t ion ,  t h ree  examples a r e  pre- 
sented: a slender beam, a short  beam, and a cy l ind r i ca l  s h e l l .  Other 
configurations,  including ro t a t iona l  s h e l l s  of a r b i t r a r y  meridian, can 
be analyzed by t h e  present f i n i t e  element method. 
be re-emphasized t h a t  the theory only considers t h e  axisymmetric modes 
of' such s t ruc tu res .  
However, it should 
IY .4.1. Simply Supported Slender Beam 
K i m e l  -- e t  al. [43] have reported the r e s u l t s  of experiments t o  
determine the  na tura l  frequencies of a long, slender  sandwich beam 
which i s  simply supported. 
t h i s  behavic? . 
t h e i r  specimeis and t h e  results compared t o  t h e  5;periment and theory. 
The beam has t h e  following propert ies :  
They a l s o  developed a theory t c  predic t  
The f in i t . e  element method has been applied t o  one of 
t. hc = 0.25 , h, = 0.016 , 1. = 0.282 
Ef = 
E = 2.34 x 
C 
span, L = 120" , 
I 
4 6 
10-  p s i  , Gf = 3.87 x 10 p s i  , K~ = 1 
4 4 
= 0.00442 lb . / i n .  0.0975 l b . / i n .  , pc 





The e f f e c t  of l a t e r a l  cons t ra in t  is neglected, i .e . ,  t h e  bean s t r e s s -  
s+ & 
- 2.j I. JI1.5b).  Hence v is  taken as zero i n  t h e  theor ies  
v;c-; (111.5a) are used r a the r  th-m those f o r  t h e  cy l ind r i ca l  
1431 
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The result of calculat ions is presented In Table N.1. The theo- 
r i e s  from References [341 and [43], although somewhat d i f f e ren t  i n  con- 
cept,  agree closely i n  r e s u l t s .  The l inear-shear f i n i t e  element 
solut ion matches both theories  w e l l .  F'wthermore, a l l  t h ree  theore t ic -  
a l  methods provide frequencies wi th in  a few percent of t h e  experimental 
values,  b e t t e r  cor re la t ion  being obtained f o r  lower frequeccies.  
It i s  apparent t h a t  t he  inclusion of ro ta tory  i n e r t i s  has negli-  
g ib l e  e f f ec t  on t h e  f l exura l  frequencies f o r  t h i s  problem. This i s  t o  
be e q e c t e d  on t h e  bas i s  c f  t h e  r e l a t i v e l y  s m a l l  e f f e c t  of ro ta tory  
i n e r t i a  on the  f l exura l  v ibra t ions  of homogeneous p l a t e s  [731. 
Gver, by lumping t h e  masses t o  produce a diagonal m a s 3  matrix,  t h e  
More- 
i n e r t i a l  e f f e c t s  have been uncoupled. However, t h e  use of lumped rota-  
to ry  i n e r t i a  does provide estimates t o  t h e  thickness-shew frequency, 
although f o r  the ten- and ttrenty- element representat ions i n  Table IV.1, 
t he  approximations of t h e  thickness-shear cut-off are poor. It i s  
found t h a t  t h e  r a t i o  of beam thickness t o  element length is an import- 
ant  f ac to r  i n  t h e  accuracy of t h e  f i n i t e  element so lu t ions  f o r  thick- 
ness shear behavior. Since t h e  thickness-shear cut-off occars at  
i n f i n i t e  wave length,  It i s  independent of t h e  SF- l ength  of t h e  beam. 
Hence it is possible  t o  estimate t h e  simple thickness-shear frequency 
by analyzing a simply supported beam of a rb i t r a ry  length ,  rrovided 
ro ta tory  i n e r t i a  i s  included. Figure N.4 indicates  t h e  e f f e c t  of t h e  
thickness t c .  . l g t h  r a t i o  on the  accuracy of t he  f i n i t e  element thick- 
ness-shear cut-off. 
o f  t h i s  frequency [33,34]. 
"he standard of comparison is Yu's determination 
The r e s u l t s  shown a r e  in'dependent of t he  
number of elements used. Hence, t he  f i n i t e  element ana lys i s  can be 
used t o  obtain the  simple thickness-shear frequency with a s u f f i c i e n t l y  
short  one-element representat ion.  This quick, and easy cd.culat ion 
112 
provides an indicat ion of t he  necessi ty  f o r  inc l id ing  rotatorj .  i n e r t i a  
i n  t h e  complete analysis .  
f l exura l  frequencies,  r o t a t o r j  i n e r t i a  need not be taken i n t o  account. 
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IV.4.1 Simply Supported Short Beam 
In  order t o  i l l u s t r a t e  a s t r i lc ture  fo r  which thickness-shearing 
modes a re  important, a sho r t ,  t h i ck  beam is se lec ted  wi th  t h e  follow- 
ing propert ies :  
hc = 1.0" , hf = 0.05" , h = 1" 
7 6 p s i  , Gf = 3.84 x 10 Ef = 10 p s i  , K~ = 1 
5 5 E = 4.26 x 10  p s i  , Gc = 1.565 x 10 p s i  , K = 1 
C C 
3 = 0.0469 Ib./in. = 0.0975 l b . / i n .  , p, 3 ' Ff span, TA = 5.5" 
The beam is  represented by 4 ,  10,  and 20 l inear-shear f i n i t e  elements 
both w i t h  and without ro ta tory  i - ie r t ia ;  again t h e  r e s u l t s  are compared 
t o  the  theories  of Roferences [34] and [43:. 
The various solut ions a r e  given i n  Tab12 IV.2. The i i n i t e  element 
r e s u l t s  compare favorhbly wi th  t he  theo re t i ca l  f o r  both f l e x u r a l  and 
thickness-sheai. modes. 
element f lexura l  frequencies m e  i n  gcjod cgreement w i t h  th? frequency 
equation roots .  
t heo re t i ca l  solut ion.  That the  approximate method w i l l  be more accu- 
r a t e  f o r  t h e  lower m d a l  branch is not surpr i s ing ;  t172 f i n i t e  element 
aisglacement models are b e t t e r  able  t o  represent less cmplex  modes of 
deformation. It should be emphasized t h a t  t h e  element mesh is  extreme- 
l y  f' 
For the  various meshes, about 70% of t h e  f i n i t e  
For the  higher mode, onzy about 45% agree with t h e  
7r t h i s  pa r t i cu la r  example. In  normal appl ica t ion  with a 
ref ined mesh, a smaller proportion of the frequnncies f o r  each 
mode would be accurate t o  a given tolerance.  
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IV. 4.3. Simply Supported Cylindrical  She l l  
The one type of s h e l l  f o r  which solut ions f o r  na tura l  frequencies 
are readi ly  avai lable  is the cylinder.  Yu [37] has derived a three- 
branched freqxency equation for  an i n f i n i t e  cylinder i n  an extension 
of his theory fo r  :.an~wich p la tes  [ 32 , 241. 
appl icable  t o  a simply supported s h e l l  of f i n i t e  length.  
This equation is a l s o  
A cylinder 
w i t h  the  follc.Ang propert ies  is now analyzed. 
hC 
Ef = 10 7 
= P.5" , hf = 0.925" , h L 0.55" 
6 p s i  , Vf = 0.3 , Gf = 3.85 x 10 p s i  , Kf = 1 
4 4 E = 2.6 x 10 p s i  , v = 0.3 , Gc = 10 p s i  , K~ = 1 
C C 
3 = 0.005 lb . / i n .  3 ' pc pf = 0.1 l b . / i n .  
radius, a = 20" , span, L = 10" 
As i n  t h e  preceding examples, these  propert ies  a r e  t y p i c a l  of sandwich 
construction. 
The na tura l  frequencies computed by both methods are presented i n  
Table I V . 3 .  
shear elements are used. 
t i c a l  i n t e r e s t  are shown i n  the t a b l e  i n  order t o  evaluate better t h e  
ove ra l l  effect iveness  of t h e  f i n i t e  element approarh. It is note- 
worthy t h a t  the lowest frequencies of each of the  th ree  modes a r e  
approximated regardless of the  number of elements used. 
frequencies given by t h e  f i n i t e  element method for each mode depends on 
t h e  number of degrees of freedom avai lable  of t h e  type t h a t  a r e  nec- 
essary t o  character ize  t h e  pa r t i cu la r  mode. 
Rotatory i n e r t i a  i s  included i n  all cases and quadratic- 
Many aore  frequencies than would be of prac- 
The number of 
For s h e l l  s t ruc tures  the re  i s  usual ly  more than one branch of t he  
frequency equation that i s  of engineering importance. Careful study 
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o f  t he  f i n i t e  element mode shapes must be undertaken i n  order t o  iden- 
t i w  the  frequencies with the  appropriate  branch. This i s  espec ia l ly  
t r u e  i n  preliminary analyses wherein t h e  frequencies have not y e t  
converged t o  a predictable  pa t te rn .  
In  the present example, simple supports which preclude t rans la -  
t i o n  i n  any di rec t ion  a r e  used. 
mental radial expansion mode i s  prevented. 
has been recomputed w i t h  supports t h a t  r e s t r a i n  only longi tudinal  
displacements i n  order t o  obtain an estimate of t he  cut-off frequency 
of t h i s  radial mode. 
&*adians/second. The f i n i t e  element approximations f o r  f i v e ,  t ?n ,  and 
twenty elements are 8360, 8500 and 8520 radians /second, respect ively.  
Hence t h e  breathing mode o r  funda- 
However, t h e  example 
































TABLE IV.3--NA%XAL FREQUENCIES OF A SIMPLY SUPPORTED 
SANDWICH CYLIXIEFI (RAD. /SEC . 
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L = Longitudinal, R = Radia1,TS = Thickness Sheer 
CHAPTER V: DAMPING BY THE INCLUSION OF VISCOELASTIC LAYERS 
V . l .  The Complex Modulus Representation 
For osc i l l a to ry  displacements i n  l i n e a r  v i scoe la s t i c i ty ,  t h e  
s t r e s ses  and s t r a i n s  may be r e l a t ed  by a complex modulus [135, 1361. 
This representation of cons t i tu t ive  theory is  adopted f o r  t h e  pre- 
sent  damping s tudies .  
fo re  formulated i n  complex algebra. 
superscr ipt  * indicates  a complex quantity and t h e  subscr ipts  1 and 
2 
respectively.  
Let a volume of v i scoe las t ic  mater ia l  s m a l l  enough t o  neglect 
Moat of t h e  mater ia l  i n  t h i s  chapter i s  there- 
Throughout t h e  chapter,  t h e  
designate the real and imaginary pa r t s  of a complex quantity,  
s p a t i a l  var ia t ions of stress be subjected t o  a s inusoidal ly  o s c i l l a t -  
ing stress frequency w : 
After a time su f f i c i en t ly  long f o r  t h e  e f f ec t  of i n i t i a l  conditions t o  
be negl igible ,  t h e  steady-state s t r a i n  response is 
This formulation presumes tha t  s t r a i n s  are  small so t h a t  non-linear 
e f f ec t s  a r e  absent. Then i f  E corresponding t o  U can be con- 
* * 
sidered t o  represent e i t h e r  a deviator ic  component o r  t h e  d i l a t i o n ,  
* *  
t he  r a t i o  u /E is  t h e  "complex modulus" 
* * *  
E ( w )  = 0 /E (v.2a) 
and i t s  reciprocal  i s  t h e  "complex compliance" 
120 
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* * *  
J (w )  = E /a . (V.2b) 
These quant i t ies  are r e l a t ed  by in t eg ra l  transforms t o  t h e  fami l ia r  
re laxat ion modulus E ( t  m d  creep compliance J ( t  f'unctions used i n  
quasi-s ta t ic  v i scoe la s t i c i ty .  It should be noted tha t  E i s  used as a 
* 
generalized symbol i n  t h i s  sect ion.  
any of t he  usual moduli (Young's, shear ,  bu lk ) ,  depending upon..the 
It can be considered t o  represent 
nature of t h e  "test" i n  Equations ( V . 1 )  and (V.2). 
The complex modulus may be wr i t ten  
* 
E = E + i E 2  1 
where i is  t h e  square root  of -1, El is t h e  modulus of s t r a i n  which 
i s  i n  phase w i t h  the s t r e s s  and is  t h e  modulus of s t r a i n  which is  
90' out of phase w i t h  t h e  stress. Hence, El can be associated w i t h  an 
e l a s t i c  phenomenon i n  which energy i s  s tored  i n  a recoverable form and 
E2 
is ca l led  t h e  'Istorage modulus"; conversely, E2 is associated w i t h  
viscous behavior i n  which energy is diss ipated and is  ca l led  the "loss 
modulus." It is  convenient t o  v isua l ize  t h e  stress and s t r a i n  as a 
pa r i  of vectors ro t a t ing  a t  frequency w about the or ig in  of t h e  com- 
plex plane (Figure V . 1 ) .  The s t r e s ses  and s t r a i n s  of Equations ( V . l )  
a r e  t h e  projections of these vectors onto t h e  real ax is .  Because of 
t h e  viscous e f f e c t s ,  t h e  cyc l ic  s t r a i n  vector lags  behind t h e  cyc l ic  
s t r e s s  vector by an angle 0 during t h e  steady state v ibra t ion .  This 
angle i s  between 0' and 90 and is given by 0 
* 
In "quasi-static" v i scoe la s t i c i ty ,  i n e r t i a l  e f f ec t s  a r e  neglected. The 
Conversely, t h e  creep compliance i s  ascer ta ined from a 
relaxat ion modulus is  obtained from a t e s t  at constant s t r a i n :  
E ( t )  = a( t ) /co . 
constant-stress t e s t :  J ( t )  = E ( t ) / a o  . 
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t a n  e = E ~ / E ~  . 
t an  8 is  ca l led  t h e  "loss tangent" o r  "loss fac tor"  of t h e  mater ia l  
s ince  it i s  a measure of t h e  proportion of energy d iss ipa ted  i n  a 
cycle. 
The complex modulus i s  a function of both temperature and fre- 
quency. 
V.3 .  It i s  assumed i n  t h i s  d i s se r t a t ion  t h a t  a l l  problems are iso- 
thermal; i . e . ,  t he re  a r e  no ex terna l  thermal e f f ec t s  and t h e  heat  
generated per uni t  volume i n  the  damping process e i t h e r  i s  su f f i c i en t -  
l y  s m a l l  o r  is  d iss ipa ted  quickly enough so  as not t o  a f f e c t  appreci- 
ably the  mater ia l  propert ies .  This is  a customary approximation i n  
the  analysis  of s t r u c t u r a l  damping [ 8 6 ,  871. Often, it is a l s o  
assumed that  t he  complex material propert ies  are independent of 
frequency [47] .  
especial ly  i n  view of t h e  ccnt inual  development of new damping materi- 
als w i t h  favorable damping cha rac t e r i s t i c s  over a wide frequency range 
[%'I. 
quency-dependent nature of d i s s ipa t ive  mater ia l s  i s  taken i n t o  account. 
The nature of t h i s  dependence is  discussed fu r thc r  i n  Section 
This i s  a reasonable assumption f o r  many cases , 
However, i n  Section v.6 a method i s  proposed wherein t h e  fre-  
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FIGURE P. I REPRESENTATION OF STRESS AND STRAIN 
IN THE COMPLEX PLANE 
CONSTANT o 












FIGURE P.2 REGIONS OF POLYMER BEHAVIOR 
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V. 2. Correspondence PrincipAe for Linear Dynamic Viscoelasticity 
For the case of sinusoidal osciliation problems , Bland 
[ 135 , p. 671 has statea the following elastic-viscoelastic correspondence 
principle: 
If the elastic solution for any Sependent variable in a yar- 
ticular problem is os the farm 
elastic moduli in fE ar& replaced by tfe corresponding 
complex moduli to give fm then the viscoelastic solution 
for that variable in the corresponding problem is given by 
f = Re(fFE eiwt) . By "corresponding problem" is meant the 
identical problem except that the body concerned is visco- 
elastic instead o f  elastic. The principle can only be used 
if (1) the elastic sblution is known, (2 )  no operation in 
obtaining the elastic solution would have a corresponding 
operation in the viscoelastic solution which would involve 
separating the complex moduli into real and imaginary 
parts, with the exception of the final determination of f 
from f" 
are identical. 
f = Re(f* eiwt) and if the 
and (3). the boundary conditions for the two cases 
This principle is the basis for the damping studies in this disserta- 
tion. The oscillatory problems to which it is applied are the free 
vibration and the stea'y-state fixed vibration of the substitute 
structure composed of an assemblage of finite elements. In this 
connection, it should be noted that the "elastic solution" mentioned 
in the principle need not be an exact solu-cion 04 three-dimensional 
elasticity. It is valid to apply the principle to an approximate 
theory of elasticity as well [86, 135, 1361 
V . 3 .  Viscoelast ic  Properties of Polymers 
Because the  East common a t e r i a l s  used t o  provide damping a r e  polymers, 
t h e i r  dynamic v iscoe las t ic  propert ies  a r e  now discussed. Only a summary 
is given i n  order t o  provide a perspective on t h e  assumptions used i n  
t h i s  d i s se r t a t ion  and i n  other  invest igat ions of s t r a c t u r a l  dampirg . 
The mechanical propert ies  of polymers i s  a broad subject  and, indeed, 
severa l  thorough s tudies  have been published [137 - 1441.  References 
[I401 and [142! a re ,  i?l f a c t ,  spec i f i ce l ly  intended f o r  t he  design 
enginPer . 
Polymers a r e  mater ia ls  composed of extremely long, chain-like 
molecules. The basic  w i t s  of these  chains a re  monomers which a r e  
usually organic substances. There i s  not only a grea t  va r i e ty  of such 
substances which can be used as cons t i tuents ,  but t he re  i s  a l so  a mul- 
t i t u d e  of chemical and physical processes which can influence t h e  form- 
a t ion  of t he  f i n d  product. 
number of possible  p l a s t i c s  with widely varying propert ies  and applica- 
t ions .  
confusing. 
advantages of yolymers because it permits t h e  technologist  t o  design 
a mater ia l  w i t h  cha rac t e r i s t i c s  su i t ab le  f o r  a pa r t i cu la r  appl icat ion.  
Fortunately,  some generalizations can 5e made about t h e  behavior of 
these  substances because such behavior i s  r e l a t e d  t o  the  chain-like 
molecular s t ruc tu re  pecul iar  t o  a l l  members of t h e  c l a s s .  
Hence, t he re  i s  e f f ec t ive ly  an i n f i n i t e  
Attempts t o  describe so diverse  a c l a s s  of mater ia ls  can be 
However, t h i s  v a r i a b i l i t y  of propert ies  i s  ane of t h e  main 
Elastomers a r e  t h e  polymers of primary i n t e r e s t  t o  erAgineers con- 
cerned with damping. These by de f in i t i on  a r e  mater ia ls  which exhibi t  
rubber-like behavior i n  the  frequency and temperature rarges of t h e i r  
appl icat ion and which nust be mostly amorphous i n  t h e  sense that  t h e  
1.26 
molecules are arranged randomly. 
some cases there is  a small degree of c r y s t a l l i n i t y ,  t h e  e f f ec t  of which 
is t o  t i e  the  amorphous regions together.  ) 
elastomers possess v i scoe la s t i c  propert ies  which exhib i t  a marked 
dependence upon t i m e  and temperature. 
V.3.1. Temperature Dependence 
(However, it should be noted tha t  i n  
Like a l l  high polymers, t he  
'&e basic  behavior of polymers can be ascertained by measuring 
the v i scoe la s t i c  propert ies  over a broad range -: temperatwe. Any 
one of several  parameters may be chosen as represt- 'at ive,  e.g., t h e  
v i scos i ty ,  creep compliance, re laxat ion m ~ 2 i i i s ,  e t c .  The eane quali- 
t a t i v e  trends of behavior are detectable  from any one of t he  experiments, 
although t h e  spec i f i c  r e s u l t s  w i l l  depend upon t h e  t i m e  ( o r  frequency) 
of measurement and t h e  method. 
storage modulus of a l i n e a r  amorphous polymer as a function of temper- 
ature. 
S ta r t ing  at t h e  lowest temperatures, t he  f i r s t  i s  t h e  glassy region i n  
which the polymer is  hard and b r i t t l e .  In  t h i s  range of temperatures, 
t h e  molecules are "frozen" i n  r e l a t i v e l y  f ixed but i r r egu la r  posi t ions.  
Figure V.2  shows a schematic p lo t  of t h e  
Five regions of v i scoe la s t i c  behavior are i d e n t i f i a b l e  [137]. 
There i s  some vibrat ion about t h i s  f ixed posi t ion,  but  t he re  i s  essen- 
t i a l l y  no diffusional  motion. The second region i n  which t h e  modulus 
rapidly changes value i s  ca l l ed  t r a n s i t i o n  and polymers i n  t h i s  s t age  
a r e  of ten characterized as leathery. It is  theorized t h a t  segments 
( i . e . ,  f r ac t ions1  lengths of t h e  molecules) undergo short-range diffu-  
s iona l  motion a t  these tenperatures,  although t h e  molecules as a whole 
are not mobile. 
may extend over a f a i r l y  broad range of temperatures without much change 
i n  modulus (e .g . ,  from -20' C. ts +180° C. f o r  sulfur-cured na tu ra l  rubber 
The t h i r d  type of behavior, best described as rubbery, 
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[ 1371 1. 
Here s e p e n t a l  motion is  qui te  rapid,  but  the entanglement of t h e  
chains re ta rds  overa l l  movement of t h e  molecules. If the molecules 
are linked together,  these "entanglements" a r e  permanent. 
temperature i s  fur ther  increased t o  the region of x b b e r y  flow, 
t h e  uncrosslinked polymer <s s t i l l  e l a s t i c  t o  a degree; but  t h e  
motioc cf molecules as a whole becones important, and ac tua l  f l o w  
!his region represents behavior most t yp ica l  of elastomers. 
As the  
occurs as t he  chains s l i p .  Crosslinked materials do not exhibi t  
t h i s  h igh- teqera ture  creep, but  r e t a i n  much of t h i s  e l a s t i c i t y .  
F ina l ly  , at the  highest  temperatures , long-range configurat ional  
che.-ys of the  unlinked molecules occur very rapidly.  In  t h i s  
l i qu id  flow region, e l a s t i c  recovery becomes negl igible .  
The t r a n s i t i o n  s tages  and t h e  cemperatures a t  which they 
occur a f f ec t  p rac t i ca l ly  a l l  of the mechanical propert ies  of the  poly- 
mers [1401. 
discussed i n  Section V.3.3.  Insofa- as elastomeric behavior i s  concern- 
ed, t he  most s ign i f icant  t r a n s i t i o n  is  the  g lass  t r a n s i t i o n .  The 
rubbery flow t r a n s i t i o n  o r  m e l t  temperature i s  also important s ince  i c  
indicates  the onset of flow. I n  addit.ion, t h e r e  a r e  various l e s s  imp- 
o r tan t  t r ans i t i ons ,  f o r  example, those associated w i t h  t h e  motion of 
s ide  branches t o  t h e  main molecules. Only t h ?  f i rs t  t w o  phenomena a r e  
described here. The g lass  t r a n s i t i o n  occurs over a narrow temperature 
range (about 10 
volume as a function of temperature. 
i s  indicated by T and i s  associated with a discont inui ty  i n  >he 
coeff ic ient  of thermal expansion. 
Tm , is  l e s s  wel l  defined s ince  it does not charsc te r ize  an abrupt,  i 3ea l  
melting . 
In par t i cu la r ,  t h e  dynamic mechanical dispers ion w i l l  b e  
0 C.) and can be determined by measuring -the spec i f i c  
I n  Figure V.3, t h i s  ',,,-ansition 
g 
The c r y s t a l l i n e  t r a n s i t i o n  temperature, 
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change from a p a r t i a l l y  c r y s t a l l i n e  configuration t o  a completely amor- 
phous one. 
V.3.2. Temperature-Zrequency Interdependence 
Since t h e  oehavior of polymers is dependent upon both t i m e  and 
temperature, a complete knowledge of t h e  mechanical proper t ies  of a 
p l a s t i c  can be obtained from tests conducted a t   any d i f f e ren t  t e m -  
peratures  and frequencies. Fortunately,  such thorough invest igat ions 
ind ica te  t h a t  t he re  is some analogy between t h e  e f f e c t s  of temperature 
change and those of frequency change. Hence it has been possible  t o  
develop approximate reduction pr inc ip les  which relate these  e f f e c t s .  
Tne pr inc ip les  use da ta  obtained at a va r i e ty  of  temperatures and a 
given frequency t o  deduce propert ies  at a d i f f e ren t  frequency and 
v ice  versa.  
appear t o  be v a l i d  i n  t h e  -temperature range from t h e  g l a s s  t r g s s i t i o n  
region t o  t h e  l i q u i d  flow region [140]. 
pr inc ip les  a r e  given here.  For t h e  present purposes, it is s u f f i c i e n t  
t o  note t h a t  the e f f e c t  of increasing the temperature o r  decreasing 
the  frequency is qua l i t a t ive ly  t h e  same. 
may be in te rpre ted  as a schematic p lo t  i n  which t h e  abscissa  i s  the 
inverse of t h e  frequency r a the r  than t h e  temperature. 
These methods a r e  appl icable  f o r  amorphous polymers and 
100 details of t h e  reduction 
Heme, f o r  example, Figure V . 2  
V.3.3. Dynamic Mechanical Dispersion 
The most important e f f ec t  of a t r a n s i t i o n  insofar  as damping is  
Zoncerned i s  the  mechanical dispersion which occurs near t he  t r a n s i t i o n  
temperatures, especial ly  x a r  T . This phenomenon is  analogous t o  
g 
o p t i c a l  o r  d i e l e c t r i c  dispers ion.  
perslon associated with t h e  glass t r a n s i t i o n  fo r  an amorphous polymer 
The fea tures  of t he  mechanical dis-  
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a r e  schematically shown i n  Figure V.4 .  
madulus changes from a lower t o  a higher value over t h i s  region while 
t h e  lo s s  modulus and loss tangent pass through a maximum [144]. 
pointed out i n  Section V.3.2, the molecular mechanism of t h e  damping 
dcrirlg t h i s  t r a n s i t i o n  is t h e  co i l i ng  and uncoiling of chain segments. 
It i s  seen t h a t  t he  s torage 
A s  
Wee., maximum damping i s  required,  materials a r e  employed which undergo 
glass t zans i t i on  i n  the  relevant  frequency and temperature range. 
Highly amorphous polymers are preferred s ince  c r y s t a l l i n i t y  tends t o  
decrease the in t ens i ty  of t h e  phenomenon. 
ment of damping compounds w i t h  high lo s s  f ac to r s  over a w i d e  range of 
temperatures i s  given i n  Reference [981. There severa l  polymers with 
d i f f e ren t  g l a s s  t r a n s i t i o n  temperatures are mixed t o  give a blend w i t h  
more than one T 
associated w i t h  the dispers ion phenomenon. 
t i v i t y  of damping is  desired w i t h  a s ing le  polymer, i t s  elastomeric 
behavior between T and Tm is  employed [I441 (See Figure V.2). If 
Tm 
degree of cross-linking between moleculaz chains may be used. 
One example of t h e  develop- 
and hence a broader range of t h e  favorable damping 
When temperature insensi-  
g 
g 
i s  approached and i f  s t rength  is a l s o  3. concern, polymers w i t h  a 
V. 3.4. Additional Factors Influencing Behavior 
Although frequency and temperature a e the  primary f ac to r s  a f fec t -  
ing t h e  v i scoe la s t i c  behavior of polysers ,  there  a r e  other  physical  and 
chamical e f f ec t s  that  must be considered. 
l ink ing  have already been mentioned. 
may a l s o  be  a f fec ted  by copolymerizaticn, polyblending, and t h e  addi t ion 
of p l a s t i c i z e r s  and f i l l e r s  [138, 139, 95, 971. 
Crys t a l l i n i ty  and cross- 
The proper t ies  of t h e  f i n a l  product 
Copolymerization is t h e  formati.on of polymer cc l ecu le s  from more 
When the  const i tuents  occur randomly along than one type of monomer. 
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the  chains,  a new polymer is produced which is  unlike.any of t h e  poly- 
mers composed of t he  separate  monomers. Another type of copolymer 
occurs when chains made of d i f f e ren t  monomers a r e  attached e i t h e r  t o  
make one chain (block copolymers) or  t o  make branching mclecules 
( g r a f t  co-polymers 1. These nonuniform o r  heterogeneous polymers 
exhibi t  multiphase propert ies  similar t o  mechanical mixtures. 
component w i l l  r e t a i n  i t s  own glass t r a n s i t i o n ,  so t h e  r e su l t i ng  
copolymer w i l l  have more than one T [l3!3]. 
Each 
g 
Polyblends are merely mechanical mixtures of two o r  more polymers. 
The e f f e c t  of t h i s  blending w a s  discussed i n  t h e  preceding sec t ion  [98] 
and the  preceding paragraph. 
a product whose propert ies  are intermediate t o  those of t h e  cons t i tuents .  
A p l a s t i c i z e r  i s  an organic l i q u i d  used t o  d i l u t e  t h e  polymer. 
This d i l u t i o n  increases t h e  chain mobil i ty  and lowers t h e  g l a s s  t r ans i -  
t i o n  temperature. 
optimal damping t o  the  desired temperature o r  frequency range [971. 
In  b r i e f ,  the result of such mixtures is 
Hence, p l a s t i c i z a t i o n  can be used t o  adjust t h e  
F i l l e r s  a r e  i n e r t  materials ndded t o  t h e  polymer. Because t h e r e  
i s  no chemical in te rac t ion  with t h e  p l a s t i c ,  t he re  i s  usual ly  not a 
s ign i f icant  influence on the  temperature and frequency cha rac t e r i s t i c s  
[ 9 5 ) .  However, f o r  some types of f i l lers the re  i s  s u f f i c i e n t  mechani- 
c a l  in te rac t ion  between t h e  f i l l e r  p a r t i c l e s  and t h e  polymer molecules 
t o  increase damping efficiency and t o  broaden t h e  operable temperature 
and frequency range, of t he  useable damping [971. 
In b r i e f ,  it i s  apparent t h a t  t he re  a r e  severa l  techniJues by 
which polymer technologists can design materials f o r  a spec i f i c  appl i -  
cation. 
temperature, it is not always possible  t o  obtain e f f i c i e n t  damping from 
However, desp i te  t h e  a b i l i t y  t o  ad jus t  t he  g l a s s  t r a n s i t i o n  
a given polymer. For example, c r y s t a l l i n e  polymers a r e  near ly  always 
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impractical for damping applications. 
v.3.5. summary 
The strong dependence of the viscoelastic properties of polymers 
on temperature and frequency has been pointed out. As a result, it is 
seen that the common approximations of temperature- and frequency- 
independence of structural damping can lead to rather large inaccuracies. 
However, when applied with care over appro- :ate ranges of frequency 
and tem?erature for a particular dampi--g material, these assumptions can 
also provide useful results. Finally, there is some justification for 
the oversimplification of material behavior when real possibilities of 
designing materials to fit the assumptions exist. 
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V.4.  Measures of Effect ive D a p i w  
Of t he  many ways t o  express t h e  damping of a v ibra t ing  s t ruc tu re  
[87 ,  941, two primary measures are used here.  
f ac to r ,  TI , and the  logarithmic decrement, 6 . Damped osc i l l a to ry  
motion of t h e  d iscre t ized  s t ruc tu re  can be wr i t t en  i n  the following 
form 
These are the loss 
where ( v ( t ) }  i s  t h e  vector  of nodal displacements, {w) i s  the vec- 
t o r  of displacement amplitudes, w is t h e  frequency and w is the 
decay constant. 
modulus, w : 
1 2 
The l a t t e r  two parameters are combined i n t o  a complex 
* 
* 
2 w = w1 + i w  
Then the  logarithmic decrement is given by Ell51 
6 = 2nw /w 2 1  
and t h e  loss f ac to r  by [I181 




Since both measures are expressed i n  terms of the same parameter, they 
can i n  turn  be r e l a t ed  by 
6 1.n 
T I =  
(1 - 62/4*2) 
An a l t e rna te ,  but equivalent de f in i t i on  of t h e  loss f ac to r  i s  usefu l  fo r  
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dealing w i t h  forced vibrat ions.  
system, it i s  possible t o  write 
I n  terms of the  energy of t h e  vibrat ing 
D q = -  
27rw ( V . 8 )  
where D i s  t'ne energy diss ipated per cycle a d  W is the  t o t a l  energy 
associated w i t h  the vibrat ion [94, 1451. 
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V.5. Complex Algebraic Eiuenvalue Froblems 
The information and princigfes given i n  t h e  preceding sect ions are 
now applied t o  t h e  dampink s tudies  of f r ee ly  vibrat ing layered s t ruc-  
t u re s  using t h e  f i n i t e  element method. 
i s  t h e  first such application of t h e  method t o  s t r u c t u r a l  damping prob- 
Apparently, t h e  present work 
lems. The techniques t h a t  are used i n  t h i s  s ec t ion  and t h e  next are 
not l imi ted  t o  the pa r t i cu la r  formulation given i n  Chapters I1 and 111. 
Rather, t h e  approach can be used f o r  any f i n i t e  element d i sc re t i za t ion .  
However, s ince  an e f f i c i e n t  and widely u t i l i z e d  damping mechanism is 
t h e  shearing of constrained layers  [88]  , t h e  theory developed i n  t h i s  
d i s se r t a t ion  is  pa r t i cu la r ly  appropriate.  
For frequency-independent material propert ies ,  t h e  e l a s t i c -  
v i scoe la s t i c  correspondence p r inc ip l e  can be applied t o  t h e  free 
vibrat ion problem of Equation (IV.2) t o  give 
Here t h e  complex moduli corresponding t o  a s p e c i f i c  representat ive fre- 
quency are subs t i t u t ed  f o r  t h e i r  real counterparts i n  t h e  s t i f f 'ness ,  
and t h e  complex frequency replaces t h e  real frequency. The lumped masses 
remain real; but s ince  t h e  eigenvalue problem is  now complex, t h e  mode 
shapes may a l s o  be complex. Equations (V.9) are reduced to standard 
form i n  a manner exactly p a r a l l e l  t o  t h a t  presented i n  Section IV.2 
except t h a t  t h e  algebra i s  no longer real .  The computer programs are 
readi ly  adapted f o r  t h i s  change i f  t h e  pa r t i cu la r  computer used i s  
capable of accomodating complex arithmetic.  Moreover, standard rout ines  
are avai lable  f o r  t h e  complex algebraic eigenvalue problem. 
* 
* 
Two d i f f e r e n t  SHARE Library subroutines , F2 OR AMAT and F2 NYU EIGb, have 
been adapted f o r  use i n  t h e  present invest igat ions.  "hey produce iden- 
t i c a l  eigenvalues althounh cnlv t h e  former calculates  t h e  mode shanes. 
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A s  is  evident from Equations ( V . 4 )  t c  ( ~ . 6 ) ,  tile eigenvalues give 
both t h e  na tura l  frequency of vibrat ion of t h e  damped system and t h e  
e f fec t ive  v i scoe la s t i c  damping a t  each na tu ra l  frequency. The eigen- 
vectors correspond t o  t h e  decaying mode shapes, and the re  i s  no spec ia l  
significance t o  t h e  f a c t  t h a t  these vectors may be complex. The shapes 
may be obtained from the real  pa r t s .  Hence, both t h e  f r e e  vibrat ion 
cha rac t e r i s t i c s  and t h e  damping behavior are obtained i n  a s.’’gle 
analysis.  It should be noted t h a t  t h e  computational time i s  g rea t e r  
than t h a t  f o r  t h e  purely e l a s t i c  f r e e  vibrat ion problem. Complex 
algebra e s sen t i a l ly  doubles t h e  number of equations, and arithmetic 
ogeration 
- *  
counts a r e  therefore  increased by a fac tor  of two t o  e ight ,  
depending upon t h e  procedure being ca r r i ed  out .  For example, t h e  
solut ion of simultaneous l i n e a r  equations has an operation co*mt pro- 
port ional  t o  t h e  square of t h e  number of equations; f o r  t h i s  process, 
therefore,  t h e  number of operations is  quadrupled. 
Because t h e  frequencies are unknowns i n  a f r e e  vibrat ion problem, 
it is d i f f i c u l t  t o  account for  t h e  frequency-dependence of t h e  com- 
plex moduli. An addi t ional  complication is  t h a t  t h e  propert ies  corres- 
ponding t o  only one frequency can be used as input,  but  several  
d i f f e ren t  frequencies a r e  obtained i n  t he  so lu t ion .  If t h e  v i scoe la s t i c  
behavior is r e l a t i v e l y  in sens i t i ve  t o  frequency over t h e  range of t h e  
lowest na tu ra l  frequencies, as i s  t h e  case f o r  polymers i n  t h e  rubbery 
plateau region, it i s  reasonable t o  use representat ive values o f  t h e  
moduli and t o  assume t h a t  these values a r e  frequency-indepeqdent. For 
materials with highly var iable  propert ies ,  t h e  f r e e  vibrat ion approach 
i s  less sa t i s f ac to ry .  When t h e  damping a t  only a few of t h e  na tu ra l  
- 
* 
An operation cons is t s  of one addition/subtraction and one mult ipl icat ion/  
division. 
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frequencies is  of i n t e r e s t ,  a s e r i e s  of d i f f e ren t  t r i a l  solut ions may 
be worthwhile. The first of these  t r i a l  solut ions would be the  e l a s t i c  
case. 
na tura l  frequencies,  t h e  v i scoe la s t i c  mater ia l  propert ies  corresponding 
t o  t h e  e l a s t i c  na tura l  frequencies ?an be used i n  subsequent so lu t ions .  
These procedures can be time-consuming because a separate  so lu t ion  of 
the  er_tl-e comylex eigenvalut problen is  required t o  obtain an accurate 
estimate of the  damping a t  each na tura l  frequency of i n t e r e s t  ( i . e . ,  
Since r e l a t i v e l y  l i g h t  damping hes but s l i g h t  e f f ec t  on t h e  
* * 
[K 1 = [K ((A).)] , j = 1,2, ... >. 
J 
138 
V.6. Damped Response t o  Steady-State Harmonic Loading 
!!'he steady-state forced vibrat ion problem f o r  a l i n e a r  viscoelas- 
t j c  s t ruc tu re  i s  now invest igated.  
provides both t h e  displacement response and tke  e f f ec t ive  damring f o r  
any desired frequency e.?d loading erslplitude. 
t o  t h i s  approach is  t h a t  it takes t h e  frequency dependence of t h e  
v i scoe la s t i c  mater ia l  propert ies  i n t o  account. Because t h e  frequency 
of t h e  s inusoidal  loading i s  an input t o  t h e  problem, it i s  possibyle 
t o  employ correct  mater ia l  propert ies  with respect  t o  frequency i n  
formulating t h e  problem. It should be  noted t h a t  a s imi la r  applica- 
t i o n  of t he  f i n i t e  element method t o  t h e  v ibra t ions  of l i n e a r  visco- 
e l a s t i c  so l id s  has been developed simultaneously, bu t  independently, 
by Murray [146]. However, Murray's work is  primarily concernea with 
the  displacesent response and does not consider t h e  e f f ec t ive  damping 
of t he  system, 
The solutioi ,  t o  such a problem 
An important advantage 
v.6.1. Formulation of t he  Problem 
I f  t h e  loads and displacements o s c i l l a t e  at frequency 52 
(v.10) 
t i e  corrzspondence pr inc ip le  given i n  Section V . 2  can t? appl ied t o  
Equation (IV .1) t o  give 
(v.11) 
Here the  frequency fl is r e a l  s ince  there  i s  no decay of t h e  response. 
Moreover, t he  vector of load amplitudes {PI is r e a l .  This vector can 
be visual ized as being d i rec ted  along t h e  r e a l  axis of a com?lex 
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co-ordinate system which ro t a t e s  at constant angular frequency R . 
Then t h e  displaceatnt ampli de vector (w 1 m u s t  be complex s ince  
it lags behind the loads due t o  t h e  d iss ipa t ion  of energy. This 
load-displacement re la t ionship is analogous t o  t he  s t r e s s - s t r a in  
re lat ionship discussed i n  Section V . l  and shown i n  Figure V . l .  In  t h e  
present section, however, the co-orciinate system is assumed t o  ro t a t e .  
[ K  ] 
moduli associated w i t h  frequency 
ponding real moduli. 
* 
* 
i n  Equation ( V . 1 1 )  i s  the s t i f f n e s s  matrix wherein the  complex 
are subs t i tu ted  f o r  t h e  corres- 
Bieniek and Freudenthal [471 have u t i l i z e d  an approach similar t o  
the abo- 2 t o  study the  forced vibrat ions of cy l indr ica l  sandwich panels. 
However, their  appl ic-kim is t o  a Fourier solut ion of t h e  closed-form 
equations ra ther  than t o  a general d i scre t ized  system. 
. 
!he solut ion of Equations ( V . 1 1 )  presents no d i f f i c u l t y  when t h e  
appropriate computer programs are transformed t o  the complex mode. As 
pointed out i n  Section V.5,  the computational time is  about faur times 
greater than fo r  an equivalent real system. 
V.6.2. In te rpre ta t ion  of Results 
In  contrast  t o  t h e  corresponding e l a s t i c  forced v ibra t ion  equations 
which are 
(v.12) 
Equations ( V . l l )  cannot become cingular at t h e  na tura l  frequencies of 
t he  s t ruc ture .  In other words, although det  ([K] - fM4) m a y  vanish 
at some values of R , det  
t he  frequency is real and 1 'e $! .:. irss some non-zero imaginary 
par t s .  This lack of singule . . &'.i out t he  e f f ec t  of energy 
2 
* 
( [ K ] - Q2fMJ is always non-zero, provided 
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* 
diss ipa t ion .  As a reslzlt of t h e  damping, t h e  magnitude of 
the magnitude of 
the e f f ec t  of v i scoe la s t i c i ty  is t o  reduce t h e  amplitude of t h e  response 
a t  a l l  frequencies. 
{w 1 , unlike 
In f a c t ,  {w) , cannot grow without bound at r e sonaxe .  
The ac tua l  response of t he  s t ruc tu re  can be determined by taking 
t h e  absolute value of the elements of (w . Each such magnitude is 
then given t h e  s ign  of the corresponding real pa r t  of 
quency regions near t h e  na tura l  frequency of the s t ruc tu re ,  it is noted 




{w 1 . I n  fre- 
This jump i-1 sign is associated w i t h  the  change i n  s ign  
* 
which occurs f o r  the r e a l  pa r t  of det ([K 1 - Q*rMJ) near the na tura l  
frequency. 
c i e s ,  an estimate of t h e  na tura l  frequencies within t h i s  range can be 
obtained by studying (1) t h e  s ign changes of the response and (2) the 
magnitude of t h e  response. The l a t t e r  w i l l  tend t o  go through maxima 
near the  na tura l  frequencies. 
Hence, i f  the response is obtained f o r  a series of frequen- 
V.6.3. Determination of Effect ive Damping 
The individual components of t h e  response do not l ag  behind t h e  
load by the same phase angle. Therefore, t h e  most convenient way t o  
compute t h e  e f f ec t ive  damping is on the basis of the energies of t h e  
vibrat ing system. 
( V . 8 )  i s  used f o r  t h i s  purpose. 
The de f in i t i on  of t h e  lo s s  f ac to r  given in Equation 
D q = -  
2nw ( V . 8 )  
Here W 
cycle. 
is taken as t h e  maximum s t r a i n  energy achieved during any 
1 4 1  
In  order t o  ccnpute the various energies,  t h e  complex notat ion that  
has been used must be discarded. 
taneous treatment of two osc i l l a t ions  which are 90 
A complex "work" quantity would be meaningless, however, so the  method 
of accomodating t h e  phase difference must be  modified. 
displacements and associated nodal forces which are hamonic a t  frequency 
R :  
This notation represents t h e  simul- 
0 out of phase [136]. 
Consider t he  
* * * 
{v ( t ) I =  {v 0 I eiRt = {v 0 I (cos m + i s i n  Qt) 
* * {v ( t ) I={ViI  0 c? il;tt = { V ~ I  (cos stt + i s i n  stt) 
These forces and displacements are r e l a t ed  by t h e  s t i f f n e s s  equation 
which may a l so  be wr i t ten  
{Vl + iV,} = [% + iK2] {vl + iv2)  . ( V  .14b ) 
J 
Hence t h e  r e a l  and imwinary pa r t s  of t h e  force vector 
by : 
{V*) are given 
0 




{VI = Re {v = {v,) cos a t  - {v,) s i n  flt 
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Now, given t h e  r e a l  o sc i l l s to ry  displacements 
-equations (V.15) and (v.16) can be used t o  obtain t h e  associated real 
forces 
Here (w i s  the vector of displacement magnitudes ( w i t h  aypropri.ate 
s igns)  obtained f r s m  
0 * 
{w 1 , the so lu t ion  of Equations (V.11). 
The energy diss ipated during a cornplet.2 period is  given by 
where 
Subs t i tu t ing  Equation (V.17b) i n to  (v.18), the result is  
D = -QIw0) [ [KII{~o) '$ s i n  Qt cos Qt d t  + 
The f irst  in t eg ra l  of Equation (V.19) vanishes and i s  therefore  associ-  
a ted  wi th  energy s tored  i n  a recoverable form. Hence t h e  maximum value 
of t h e  s t r a i n  energy achieved during any cycle is given by 
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The second in t eg ra l  of Equation ( V . 1 9 )  equals 
diss ipated can be wr i t ten  
T/R so t h e  energy 
(v.21) 
Equations (V.20) and (V.21) are now subs t i t u t ed  i n t o  Equation 
( V . 8 )  t o  obtain t h e  following expression f o r  t h e  e f f ec t ive  l o s s  f ac to r  
of t h e  s t ruc ture :  
(v.22) 
This expression i s  iden t i ca l  t o  one derived by Ungar and Kerwin 11451 
fo r  a lumped-mass system using a d i f f e ren t  approach. Equation (V.22) 
is readi ly  incorporatea i n t o  a computer program. 
t h e  loss  f ac to r  i s  pa r t i cu la r ly  e f f i c i e n t  i f  t h e  banded nature  of f h e  
s t i f f n e s s  matrix i s  u t i l i z e d .  
The ca lcu la t ion  of 
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V.7.  Esxqles of Damped Vibrations 
As i n  t h e  preceding chapters,  t h e  examples i n  t h i s  sec t ion  are 
l imited by the  lack of so lu t ions  ava i lab le  f o r  comparison with f i n i t e  
element solut ions.  Therefore, although t h e  d i sc re t i zed  method can be 
applied t o  any configuration, t h e  s t ruc tu res  analyzed here  are of sim- 
p le  shape. In  t h e  first example, t h e  free v ibra t ions  of two beams are 
considered. The second problem undertaken is t h e  free v ibra t ion  of a 
simply supported cylinder.  
under th ree  d i f f e ren t  steady-state harmonic loads is presented. 
F inz l ly ,  t h e  forced v ibra t ions  of a beam 
v.7.l. Damped Free Vibrations Df Two Beams 
The beams considered i n  the examples of  Ssctions N.4.1. and 
IV. 4.2. have been re-amlyzed with v i scoe la s t i c  Propert ies  assumed .for 
t he  core. For each beam, t h e  loss tangent of t h e  core moduli is taken 
t o  be 0.1. This is a representat ive value f o r  moderately e f f i c i e n t  
damping compounds, although some polymers have loss tangents up t o  2.0 
. .  
f o r  limited ranges of frequency and temperature. All propert ies  are 
the  same as t h e  e l a s t i c  ,roblem with t h e  exception of t h e  material 
propert ies ,  which a r e  now ccmplex. For t h e  long beam, t h e  moduli a r e  
6 
2.34 x 10 1 p s i  
p s i  
Gf = (3.87 x 10 , 0.0) p s i  
= (2.34 x 10 4 3 
4 3 
EC 
Gc = (1.17 x 10 , 1.17 x 10 
and t he  v iscoe las t ic  results a r e  presented i n  Table V.l. 
beam, the  moduli are 
For t h e  sho r t  
7 6 Ef = (10 , 0.0) p s i ,  Gf = (3.8,': x 10 , 0.0) p s i  
4 = (4.26 x l o 5 ,  4.26 x 10 ) p s i  




and t h e  frequencies and loss f ac to r s  are given i n  Table V.2. 
Comparison with a so lu t ion  adopted from Yu [115, 341 shows t h a t  
there  i s  good agreement between t h e  methods, pa r t i cu la r ly  f o r  t h e  lower 
modes. This i s  t o  be expected because t h e  Ciscretized approach cannot 
accurately approximate t h e  displacement shapes 3f t h e  higher modes. The 
tab les  ind ica te  t h a t  a grea te r  proportion of t h e  na tura l  frequencies 
computed by t h e  f i n i t e  element method compare favorably with the theore- 
t i c a l  values than do t h e  loss  fac tors .  A possible  explanation f o r  t h i s  
observation is t h a t  t h e  fyequencies are less sens i t i ve  t o  t h e  approxima- 
t ions  of t h e  mode shape which are inherent i n  the lumped mass approach. 
By concentra':ing t h e  i n e r t i a  a t  t h e  nodes, a ce r t a in  amount of shear 
"kinking" is  introduced at these  locat ions.  
By comparing Tables V . l  and V.2 7;-th Tables I V . l  and IV.2, it is  
evident t h a t  t h e  r e l a t i v e l y  l i g h t  damping has but s l i g h t  e f f e c t  on t h e  
na tura l  frequencies. 
* 
The real pa r t s  of t h e  above complex moduli are t h e  same as t h e  real 
moduli used i n  t h e  e l a s t i c  examples. 
l i g h t  density f o r  t h e  core of t h e  long beam is r e a l i s t i c  fo r  a foamed 
p l a s t i c ;  however, t h e  core moduli chosen may be a typica l ly  high f o r  
such a material .  
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V.7.2. Damped Free Vibrations of a Cylindrical  She l l  
This example i s  a l so  a recas t ing  of a previously used e l a s t i c  
v ibra t ion  example so t h a t  t he  e f f ec t  of v i scoe la s t i c i ty  on t h e  na tura l  
frequencies can be  i l l u s t r a t e d .  In  t h i s  case,  t h e  simply supportea 
cylinder s tudied i n  Section IV.4.3 i s  re-analyzed with two d i f f e ren t  
s e t s  of core propert ies .  
a loss tangent of 0 .1  i s  assumed. Hence t h e  material propert ies  a r e  
For t h e  first s e t ,  a light-damping core with 
7 6 Ef = (10 , 0 . 0 )  p s i ,  vf = 0.3, Gf = (3.85 x 10 , 0 . 0 )  p s i  
Ec = (2'.6 x 10 , 2.6 x 10 ) p s i ,  Vc = 0.3, Gc = (10 I 10 ) p s i  4 3 4 3  
and t h e  r e s u l t s  a r e  presented i n  Table V.3.  
propert ies  includes a more e f f ec t ive  d i s s ipa t ive  core with a loss tan- 
gent of 0.5. The material propert ies  are therefore  
The second s e t  of mater ia l  
7 6 Ef = (10 , 0 . 0 )  p s i ,  V f = 0.3, Gf = (3.85 x 10 , 0.0) p s i  
4 4 
EC = (2.6 x 10 , .b.3 x 10 ) p s i ,  vC = 0.3 
4 3 Gc = (10 , 5 x 10 ) p s i  
and the  solut ion is  given i n  Table V.4. 
dimensions a r e  the  same as were used i n  Section IV.4.3. 
-411 other  propert ies  and 
z 
The na tu ra l  frequencies and loss f ac to r s  are contrasted t o  those 
obtained by Yu's theory [37, 1161. 
methods compare well .  
the  s h e l l  i s  similar t o  t h a t  f o r  t h e  beams given i n  Section V . 7 . l  
above, and t h e  observations of t h a t  example a l s o  remain appl icable  i n  
the  present case. I n  addi t ion,  the  e f f e c t  of increasing t h e  diss ipa-  
t i v e  c a p a t i l t t i e s  of t he  core mater ia l  can be ascertaineZ by comparing 
In  general ,  so lu t ions   fro^ t h e  two 
The qua l i ty  of t h e  f i n i t e  element r e s u l t s  f o r  
z 
See the  footnote i n  the  previous example. 
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Table V.4  with Tables V.3 and IV.3. 
higher lo s s  tangent provide more e f f ec t ive  damping as expected; but it 
a l so  has t h e  e f f ec t  of s t i f f e n i n g  t h e  s t ruc tu re  somewhat, pa r t i cu la r ly  
i n  t h e  longitvfiinal o r  shel l  flexural modes. Hence, t h e  na tu ra l  fre- 
quencies are higher f o r  t he  heavi ly  damped case,  although t h e  increase 
is s l i g h t  (less than 5%).  
i n  t h e  core lo s s  tangent by a f a c t o r  of 5 results i n  approxlmEtely 
five-fold increase i n  t h e  loss f ac to r  at a l l  frequencies. 
Not only does t h e  core with t h e  
It i s  in t e re s t ing  t o  n3te t h a t  an increase 
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V.7.3. Steady-State Forced Response of a Beam 
In order t o  illustrate the  method proposed i n  Section v.6, t h e  
steady-state forced vibrat ions of a simply supported beam are now inves- 
tigated.. The shor t  beam used i n  Examples IV.4.2 and V.7.1 i s  used w i t h  
a v i scoe ia s t i c  core. 
propert ies  is  demonstrated by contrast ing t h e  so lu t ions  f o r  frequency- 
dependent and frequency-independent cases.  The beam is represented by 
both four  and ten l inear shear-strain elements. In general ,  t h e  results 
f o r  t h e  two representations are qu i t e  similsr, ind ica t ing  a s u f f i c i e n t l y  
f i n e  mesh t o  obtain convergence. 
t e r ed ,  only t h e  ten-element results a r e  shown i n  t h e  accompanying f ig-  
ures. Rotatory i n e r t i a  i s  included. 
The e f f ec t  of frequency dependence of t h e  material 
Therefore, t o  keep t h e  graphs unclut- 
There are no readi ly  ava i lab le  t h e o r e t i c a l  solutLons with which t o  
compare t h e  results of  t h e  present problem. Hence, t he  frequency- 
independent propert ies  a r e  taken t o  be t h e  same as i n  t h e  v i scoe la s t i c  
free-vibration example of Section V . 7 . l .  
l imited comparison between t h e  free and forced v ib ra t ion  problems. 
campiex moduli are assumed t o  be 
It is then p3ssible  t o  have a 
The 
7 6 
E C = (k.26 x lo5 ,  4.26 x 10 ) p s i ,  
Gc = (1.565 x lo5 ,  1.565 x 10 ) p s i  
Ef = (10 0 . 0 )  p s i ,  Sf = (3.84 x 10 , 0.0) p s i  
I+ 
4 
The frequency-dependent core propert ies  are shown i n  Figure V . 5 .  
though these  do not represent ac tda l  propert ies  of a spec i f i c  material, 
t h e i r  var ia t ion  is typ ica l  of elastomers near t h e  g l a s s  t r a n s i t i o n  tem- 
perature  [ 88, 95 ,  1441. 
t h a t  t he  frequancy-independent propert ies  a r e  a reasonable approximation 
A l -  
In  addi t ion ,  t h e i r  magnitude is  se lec ted  so  
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of t h e  var iable  proper t ies .  In  par?icular,  t he  moduli f o r  the two 
cases are t h e  same a t  = 10,000 radius/second. It is assumed t h a t  
t h e  Poisson r a t i o  i s  real and frequency independent. 
The response and damping f o r  t h ree  d i f f e ren t  load cases are shown 
In  each i n  Figures v.6 t o  V . 8  f o r  a range of frequencies of t he  beam. 
case t h e  frequency-dependent and -independent so lu t ions  are shown to- 
gether f o r  ready comparison. The X's i n  t h e  f igures  represent t h e  
free-vibration solutions f o r  t h e  loss f a c t o r  (Table V.2). The th ree  
d i f f e ren t  load cases are (1) concentrated loads a t  all nodes se l ec t ed  
t o  natch t h e  i n e r t i a l  loads corresponding t o  t h e  first fundamental 
mode, ( 2 )  
mode, and (3)  a u i f o r m l y  d i s t r ibu ted  load of u n i t  magnitude. 
displacement response f o r  each of t h e  load cases i s  given by t h e  nag- 
nitude of some cha rac t e r i s t i c  displacement. For t h e  first two load 
cases,  t h i s  cha rac t e r i s t i c  displacement i s  chosen as t h e  t ransverse 
displacement a t  t h e  u n i t  concentrated loads.  "he mid-point de f l ec t ion  
is  se l ec t ed  f o r  t h e  t i i i rd  load case. 
same as case one except chosen t;c match the second fundamental 
"he 
The loss f ac to r s  f o r  constant propert ies  i n  t h e  first two load 
cases compare favorably with t h e  free vibrat ion loss f ac to r s  of t h e  
respective modes. 
s t a n t  material propert ies ,  t h e  loss  f a c t o r  varies very l i t t l e  over t h e  
frequency range. The first load case causes deformation t y p i c a l  of 
t h e  first mode a t  a l l  frequencies; and, s imi l a r ly ,  t h e  second load 
case creates p r h a r i l y  second-mode displacements. Hence it can be 
concluded t h a t  t h e  loss  f ac to r  depends l a r g A y  upon t h e  deformation 
pa t te rn .  I n  f a c t ,  when ro t a t c ry  i n e r t i a  i s  neglected, t h e  l o s s  fac- 
t o r s  f o r  t h e  two cases under consideration are invar ian t  with respect 
t o  t h e  forcing grequency. The t h i r d  load case, i n  con t r a s t ,  i s  not a 
It is  seen from Figures V.6 and V.7 t h a t ,  f o r  con- 
"modal" load and thus exc i tes  displacements corresponding t o  various 
na tu ra l  modes, pa r t i cu la r ly  t h e  symmetric shapes. Hence, although the  
response curve i n  Figure V.8  does not show a not iceable  resonance cor- 
responding t o  t h e  second mode (which is  antisymmetric), t h e  l o s s  f a c t o r  
curve does ind ica te  a change i n  t h e  bas ic  deformation pa t t e rn  f o r  fre- 
quencies i n  the  neighborhood of t h i s  mode. 
fundamental frequency, t he  lo s s  f a c t o r  matches t h e  f r e e  v ibra t ion  r e s u l t  
s ince  t h e  symmetric loading r ead i ly  exc l tes  t h e  r e l a t e d  mode shape. 
Moreover, a t  t h e  f i r s t  
It should be noted t h a t  t h e  curves f o r  t h e  loss  fac tors  i n  Figares 
v.6 t o  v.8 are smoothed near t h e  na tu ra l  frequencies of t h e  s t ruc ture .  
Using the  approximate method of  computing lo s s  fac tors  on t h e  basis of 
energy (Section v.6.31, t he re  are apparently some numerical i n s t a b i l i -  
t i e s  i n  a s m a l l  neighborhood of frequencies near resonance. This 
smoothing has been accomplished by discarding at most one data point  i n  
such a neighborhood. 
these  regions,  it is f e l t  t h a t  t h i s  procedure i s  j u s t i f i a b l e .  
Since s m a l l  frequency increments a r e  employed i n  
The displacement response curves i n  Figures v.6 through V.8 a r e  
reasonable representat ions of t he  behavior t h a t  might be expected f o r  
a l i g h t l y  damped s t ruc tu re  [471. 
were employed, t he  resonance peaks would be less pronounced. 
evident from t h e  amplitude reduction r e su l t i ng  from t h e  va r i ab le  
mater ia l  propert ies ,  which give grea te r  diss i$at ion at t h e  f i r s t  ihnda- 
mental frequency (Figure V.6). 
I f  a more e f f ec t ive  damping compound 
This is 
The extent  of t h e  possible  e f f ec t s  of frequency depentlence of t he  
mater ia l  propert ies  is  evident from a comparison between the  pa i r s  of 
curves. 
t h e  propert ies  near t h e  g lass  t r a n s i t i o n  temperature presents  a 
It should be granted, however, t h a t  t he  extreme v a r i a b i l i t y  of 
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pa r t i cu la r ly  severe s i t ua t ion .  
t o  correspond t o  t h e  rubbery plateau of Figure V.2, t h e  propert ies  
would be more slowly varying functions of  t he  frequency. Nonetheless, 
t h e  Froposed method of accomodating t h e  var ia t ion  of propert ies  appears 
useful fo r  obtaining both the  s teady-state  response and damping of an 
harmonically loaded v i scoe la s t i c  s t ruc tu re .  
If t h e  frequency range of i n t e r e s t  were 
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CHAPTER V I .  SUMMARY AND CONCLUSIOBS 
The f i n i t e  element nethod hac, been extended t o  t h e  ref ined 
analysis of muiti layer beams, p l a t e s  and s h e l l s .  I n  t h e  theory 
employed no r e s t r i c t i o n  is  placed upon t h e  r a t i o s  of t h e  l aye r  
thicknesses and properties.  The ;lethod i s  applicable t o  s t ruc tu res  
wherein shearing deformations are s ign i f i can t ,  including sandwich 
construction. 
Specific element s t i f f n e s s e s  based on polynomial A+splacement 
models have been developed f o r  t h e  l i n e a r  e l a s t i c  analysis  of beams, 
c i r cu la r  p l a t e s  and t h i n ,  axisymmetric s h e l l s  with a r b i t r a r y  meridians. 
In  each case only t h e  specialized configuration of three-layered con- 
s t ruc t ion  symmetric about t h e  reference surface has Seen studied. 
However, general procedures have a l s o  been out l ined f o r  developing 
other types of one- and two-dimension& f i n i t e  elements. 
The method has been applied t o  t h e  e l a s t i c  analysis  of several 
beam, p l a t e  and s h e l l  s t ruc tu res  with propert ies  t y p i c a l  of sandwich 
construction. Examples have been presented for  both s t a t i c  and f r e e  
vibrat ion analysis and t h e  f i n i t e  element results compare favorably 
with solutions from other  theories  and approaches. Generally, t h e  
other techniques can only be used f o r  t h e  analysis  of sandwich 
s t ruc tures  with t h e  s inp le s t  of configurations. 
g rea t  po ten t i a l  f o r  t h e  appl icat ion of t h e  f i n i t e  element method t o  
t h e  solut ion of sandwiches of arbitrary shape. 
Hence t h e r e  i s  a 
One of t h e  fea tures  of t h e  formulation developed i n  this disser-  
t a t i o n  i s  t h e  capabi l i ty  of approximating t h e  warping phenomenon. 
Hence the  d i s t r ibu t ion  of t h e  shearing force  among t h e  various layers  
can be determined. Another f ea tu re  i s  t h e  use of lumped rotatory 
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i n e r t i a  i n  dynamic analyses. 
f o r  t k e  inclusion of t h e  thickness-shear modes of behavior, which a r e  
important f o r  some soft-core sandwich s t r u c t v e s .  
t h e  present work is t h e  p o s s i b i l i t y  of neglecting e i t h e r  t h e  shearing, 
extension o r  bendirg of any individual l aye r .  
b i l i t y ,  t he  effecc of various approxiIcations can be evaluated f o r  
d i f f e r e n t  geometrical o r  material properties.  
This type of i n e r t i a  i s  a p re requ i s i t e  
A t h i r d  aspect of 
By use of t h i s  caDa- 
In  addition t o  t h e  e l a s t i c  analyses, vibrat ion s tudies  f o r  
l i n e a r  v i scoe la s t i c  materiais hEve been formulated using the  complex 
modulus representat  ion and an elas t ic-viscoelast  i c  correspondence 
pr inc ip le .  
forced vibrat ion can be obtained as adjuncts of t h e  usual analysis  
procedures by means of t h e  complex algebra. 
t i o n  of t h e  f i n i t e  element method is  new. 
"he e f f ec t ive  damping f o r  free vibrat ion and steady-state 
Apparently, t h i s  aFplica- 
For the  v i scoe la s t i c  free-vibration problem, the mater ia l  
properties a r e  assumed t o  be independent of both frequency and tern- 
perature.  A discussion of t h e  cha rac t e r i s t i c s  of t he  most common 
damping materials, polymers, indicates t h a t  t hese  assumptions are 
of ten invalid.  I n  t h e  forced-vibration problem, t h e  frequency- 
dependence of t h e  v i scoe la s t i c  behavior can be taken i u t o  account. 
However, no a t t m p t  has been made t o  include t h e  thermal e f f e c t s  
because of t h e  inherent d i f f i c u l t i e s  of t h i s  non-linear, coupled 
problem. It should be noted t h a t  t h e  temperature e f f e c t s  may be 
important i n  damped vibrat ing s t ruc tu res  s ince  t h e  energy l i s s ipa t ed  
i n t o  heat disperses very slowly i n  polymers due t o  t h e i r  low thermal 
conductivity. 
162 
The viscoelast ic  analyses i n  t h i s  d i s se r t a t ion  have been ca r r i ed  
out on t h e  most elementsry l eve l .  
research w m l d  be t h e  study of i n i t i a l  value problems using a Gurtin- 
type va r i a t iona l  p r inc ip l e  fo r  l i n e a r  ,ynamic v i scoe la s t i c i ty  i l h7 ]  
t o  formulate Ciroctly the  s t i f f n e s s  of t he  s t ruc tu re .  An analogous 
approach has already been used f o r  heat conduction [14e],  coupled 
thermoelasticity [: 491 and quasi-s ta t ic  v i scoe la s t i c  problms :l50] 
using the  f i n i t e  element method. 
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APPENDIX A: MATRICES FOR SANDWICH BEAMS 
The matrices t h a t  follow are fo r  a three-layer sandwich beam 
eleaent of un i t  width and length 
thickness and are composed of the  same material. 
given i n  Section 111.1. 
a. The facing layers  are of equal 
Further d e t a i l e  are 
-- A . l .  . Linear Variatiol; of Shear S t r a i n  
The relevayt vectors fo r  t he  stiffness anaiysis  are *?fined as 
follows : 









A.1.2 I', of Equation (11.20) 
0 
- 
0 ' $(25-1) 3 1 - 3 5 )  '3 O 1  1 a - -  l a  
2 
3 1 - 2 5 )  . $2-35) 
L o  0 
A.1.3. [ Z ]  of T :ion ( i I . 2 1 )  
0 (1-5) , 0 0 i 
C 0 0 0 0 0 
1 3 0 0 0 0 
0 1 z 0 0 0 
0 0 0 1 0 0 
0 0 0 0 1 
0 C 0 0 0 0 
f 
=f 
.A.1 .4 .  [ C ]  of Equation (11.22) 
K C  




KfGf - 1  
A.1.5. [GI of Equation (11.27) 




A.1.6. [kq] of Equatiors (11.29) and (111.9) 
M [kc 1 = - 3 II. 
0 0 0 0  
- 0  0 0 
2 0  
0 
synaetric 
12 6R 0 
2 4R2 -a 
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8 ymme t I: ic 
1 
0 0 0 0  
0 0 0 0  
I o  0 1 0  
0 0 0 0  
I 
L,, 
I o  0 0 0 
0 0 0  
2 0  
0 
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0 I -12 6R 0 0 
0 I -63 2R2 Q2 0 
0 ’ 0 R2 -R2 0 
O-1- -- -TI-- 
4R2 -g2 0 
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symmetric * 1 hf k2 -I N EfAf [kf 1 = -2k3 
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A.1.7. Transformation matrix [TI = [XI of Equation (11.31) 
- 
1 0 0 0 0 0 1 0  0 
0 
I 
0 & 1  I 
1 
0 1 hc/d 0 0 
- - - - - _ _ - - -  L L  -
0 0 1 0 0 0 1 1  0 
0 0 0 0 0 0 0 
0 0 0 1 0 0 1 0  0 
0 0 0 0 0 1 
1 a 0 0 
I 
I 
0 0 O I 0  
0 0 0 0 0 0 1 0  1 - - 
A.1.8. Consistent load vector i n  global co-ordinates from Equations 
, (11.29) and (11.33). 
pzg a hca - I  
6 16 6 <1- - {R}T = - 6 6 2 
- A.2 .  guadratic Variation of Shear S t r a in  
The relevant vectors f o r  the s t i f f n e s s  analysis are defined as 
f o l l o ~ s  : 
The vectors tu), (€1, {e and {a) remain the  same as given in 
Appendix A . l .  [Z], [C]  and [GI are a l s o  unchanged. 
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A.2.1. [@(t)] of Equation (11.19) 
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----- 
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-42 0 1 -12 62 -4R 0 I 811 0 
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' 16J12/3 0 
0 - 
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M 2Ef1f Ikf I = - 
!t3 
O I 0  0 0 0 1 0  07 
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4 I O ’  0 0 - 1 1 0  2 
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O l  O 










































0 1  1 1 
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A.2.5.  Consistent load vector in global co-ordinatbe from Equations 
(11.29) and (11.33) 
APPENDIX B: MATRICES FOR AXISYMMETRIC SANDWICH PLATES 
The matrices t h a t  follow are f o r  a three- layered a x i s p e t t i c  sand- 
wich p l a t e  element of r a d i a l  len&,Lii 
thickness  and are composed of the  same material. 
given i n  Sect ion 111.2. 
A. The facing l aye r s  are of equal  
Further d e t a i l s  are 
The following vec tors  and matrices apply f o r  a l l  of t he  elements 
f o r  which spec ia l ized  matrices are given below 
0 0 
cC 
0 where [ C I  = 0 cf 9x9 





0 [ Z I  = 0 zf 9x13 
zf 0 0 
KiGi 
where 
i - c,f  
O % 0 1 0  0 Z f O  
S [Z,] 0 i O O zf  
c 
[ZI = 0 0 z 
1 0 0  0 0 1 0 0  
0 0  
FC 
0 where [GI = O Ff 13x13 
0 0 Ff 
0 0 0 
0 C 0 
0 Bf vfBf 
Dc vcDc 'Sf Bf Bf 
KcGchc 0 
.- 
[Fcl = 3 
O \)cDc Dc ' IFf] = 0 0 K f G f h f  0 0 
0 Df VfDf 
0 0  0 v P f  Df 
0 0  
3 
S # i = c , f  7 
Di = 12(1-vi 2 ) 
Eihi 
( 1 - y )  
Bi = 
- B . l .  Annular Element with Linear Shear 
The roda l  displacement v e c t e r s  are chosen as fol lows 
1 5  E2 E3 0 0 0 0 
l/& 2E/k 3E2:.2 -;I C /d -hcF/d '-hf/d -hfE/d 
u o  0 0 1 E -1 -E 
0 0  0 0 0 0 1 E 
B.1.2. [a(<) ]  -f Equation (11.20) 
0 0  0 0 1 5 0 0 
0 d/2rk d c l r k  3dE2/2rk -hc/2r -hcj/2rll  -hf /2r  -hfc/2rk 
0 0  9 C 0 Q 1 E 
0 0  -2/a2 -65/k2 0 0 0 I l k  
o - l / r k  -s/ts - 3 c 2 / r i  0 C I/ r S/r 
0 0  -d/k -3dc/k2 0 hc/2R 0 h f / 2 a  
0 -d/2rk -f:C/rk -3dc2/2rk ttc/2r hcE/2rll h! ‘3 hf;/2ra 
2 
0 0  0 0 0 0 1 5 
0 0  -2/a2 -6S/k2 0 0 1 l l k  
B.1 .3 ,  [A] of Equaticn (11.30) 
1 0 0 0  
0 l/k 0 0 
0 0 0 0  
1 1 1 1  
0 l l k  2/k 3;a  
0 0  J O  
0 0 0 0  

























B.1.4 [A-'] - [XI of Equations (11.30) and (11.33) 
1 0 0 0 0 0 0 0 
0 a hca/d 0 0 0 11 0 
-3 -23 -2hca/d 3 -a -hct/d -23. 
2 a h$/d -2 a hca/d a a 
-a 
0 0 -1 0 0 0 1 0 
b 0 -1 0 0 0 -1 1 
0 0 0 0 0 0 1 P 
0 b 0 0 0 0 =l L 1  
B.1.5. of Equations (111.20) and (111.2.l) for l inear  variation of 
transverse distributed load. 
{QaIT = 2xE Q, Q2 Q3 Q4 0 0 0 0 > 
B.1.6. {R) of Equation (11.33) 
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- B.2. Annular Element with Quadra t ic  Shear 
The nodal displacement vec tor  is' 
B.2.1. [ @ ( E ) ]  of Equation (11.19) 
1 5  E 2  c3 0 0 0 0 0 0 
0 0  0 0 1 5 -1 -5 c2 -E2 
0 0  0 0 0 0 1 F 0 t2 
2 2 0 l / R  2ElX 38iR -hc/d -hcE/d -hf/d -hfS/d -hcS I d  -hf5 Id 
B.2.2. [B(S)] of Equation (11.20) 
The f i r s t  e i g h t  columns of [B] are th2 same as [B] g iven in Appendix 
The t ranspose of t he  two a d d i t i o n a l  ".olumns is: B.l.2. 
0 2 E 2ClR E2/r -hcE/R -hcS2/2r 0 C 0 hc5/a hcS /2r  0 0 
0 0  0 -hfE/R -hfE 2 /2r C2 25la  S2/r hfS/a hfS2/2t C2 26/& F2/r 
B.2.3. [A]  of Equation (11.30) 
1 0 0 0  0 0 0 0 0 0 
0 l / R  0 0 -hc/d 0 -hf/d 0 0 0 
0 0 0 0  1 0 -1 0 0 0 
1 1 1 1  0 0 0 0 0 0 
0 l / R  2/51 3/R ' hc /d  -hc/d -hf/d -hf/d -hc/d -hf/d 
d o 0 0  1 1 -1 -1 1 -1 
d o 0 0  0 0 1 0 0 0 
0 0 0 0  0 0 1 1 0 1 
0 0 0 0  1 1/ 2 0 0 1 /4  0 
0 0 0 0  0 0 1 113 0 1/4 
B . 2 . 4 .  [A-l] = [XI of Equations (11.30) and (11.33) 
1 0  0 0 0  0 0 0 0 0 
h Il/d 0 0 0 a 0 0 0 
-3 -2k -2h a/d 3 -a -h k/d -211 k 0 0 
h a/d -2 a h A/d k -a 0 0 2 a  
0 0  1 0 0  0 1 0 0 0 
C 
0 1 1  
C C 
C C 
0 0  -3 0 0  -1 -3 -1 4 0 
0 0  0 0 0  0 1 0 0 0 
0 0  0 0 0  0 -3 -1 0 4 
0 0  2 0 2 2 2 -4 0 
0 0  0 0 0  0 2 2 0 -4 
B.2.5. {Qa> of Equations (III.20j and (111.21) f o r  l i n e a r  va r i a t ion  
of transverse loads. The notation of B.1.5 applies.  
{QalT = < Q, Q2 Q, Q4 o o o o o o >  
B.2.6. {R) of Equation (11.33) i s  the  same as i n  B.1.6 except fo r  the  
addition of two zero elements t o  make the  vector 10 X 1. 
- B.3. D i s c  Element with Linear Shear 
When ri = 0, t h e  nodal displacement vectors are chosen as follows 
0 0 0 1 E2 
0 0 0 0 X l a  
0 0 0 0 0 





























































































0 2 / a  
9 0 
0 0 
0 b 0 d 0 
0 E 
- W k 2  I l k  
-3Sla2 l l a  
3d51k2 -hc/2k 

























B.3.4. [A-l] = [XI of Equations (11.30) and (11.33) 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
1 0 0 0 0 
-3 0 0 3 -a 
2 0 0 -2 a 
0 0 0 0 0 


















transverse distributed loads. 
of Equations (111.20) and (111.21) for l inear  var ia t ion of 
The notation of B.1.5 applies. 
B.3.6. {R) of Equation (11.33) 
Q1 343 + 244 
0 
0 
343 - 244 
-a(Q, - Q4) 
hca(Q3 - Q4)/d 
0 
-8(Q3 - Q,) 
{R) = 2T8 
- B.4. Disc Element with Quadratic Shear 
When ri = 0, the nodal displacement vectors a r e  
> 
h-sen as follows: 
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B.4.1. [4(5) ]  of Equation (11.19) 
0 0 0 0 t2 c3 0 0 0 1 
0 0 0 0 
0 0 0 0 0 0 5 
0 0 0 0 0 0 0 5 0 
2 
-h 5/d -hc5 /d -hft2/d 2&/a 3c2/& -h C 5/d f 
-5 E2 -E2 
E2 
B.4.2. [ B ( c ) ]  of Equation (11.20) 
The f i r s t  e igh t  columns of [B] are t h e  same as [ B l  g iven i n  
Appendix B.3.2. 
t h a t  given i n  Appendix B.2.2 with r/c replaced by 11. 
The t ranspose of t h e  two add i t iona l  columns is t h e  same as 
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B . 4 . 4  [ A - l ]  = [g] of Equations (11.30) and (11.33) 
0 0 9 0 
0 0 0 0 
0 0 0 0 
1 0 0' 0 
-3 0 0 3 
2 0 0 -2 
0 0 0 0 
0 0 0 0 
0 0 0 0 























0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 -R 0 0 
0 !2 0 0 
0 -1 4 0 
0 -1 0 4 
0 2 -4 0 
0 2 0 -4 
B.4.5 {Qa} 
transverse loads. 
of Equations (IIS.20) and (II1.2i) for linear variation of 
The notation of B.1.5 applies. 
{QaIT = 21rR < 0 0 0 Q, Q2 Q3 o o o o o >  
B.4 .6 .  (R) of Equation (11.33) is the same as in B.3.6 except for the 
addition of two zero elements to make the vector 10 X 1. 
APFENDIX C: MATRICES FOR AXLSYMMETRIC SAliiWICH SHELLS 
The matrices t h a t  follow are f o r  a three- layer  a x i s y m e t r i c  
sandwich s h e l l  element wi th  chord length  (see Sec t ion  111.3). 
The fac ing  l cye r s  are of equal  thickness  and are composed of t h e  
same material. Further d e t a i l s  are given i n  Sect ion 111.4. 
The follawing vecLors and matrices apply f o r  a l l  of t h e  elements 
f o r  which spec ia l ized  matrices are given below: 
0 0 
cC 
0 where cf 0 









0 3i 1 0 0 
g i - c , f .  T i  [Zi1 0 1 0 0 
0 0 1 0 0 
0 0 
FC 
[GI = 0 0 where Ff 
Ff 0 0 
0 0 0 
0 0 0 
Bi "iBi 
*iBi Bi 
0 0 g i = c , f .  [Pi] = 0 0 uiGihi 
0 Di ViDi 0 0 
0 0 ViDi Di 0 
9 2 g i - c,f. Eihi3 
12 (l'Vi ) Di = 
Eihi 
(l-vi 1 2 
and Bi = 
- C. 1. Frustrum .Element wi th  Linear Shear 
The nodal displacement vec tors  are choeen ab follows: 
< uli u 2 i  x b i  'i 'fi  u l j  u2j xbj ': 'fj > 
{,IT = < u i wi x b i  'i u j  "j xbj 'j 'fi y f j  > 
C , 1 . 1 .  [@(() I  of Equation (11.19) 
1 5 0 0 0 0 0 0 0 0 
0 0 1 0 0 0 0 













































































































II + -  
a 















C.1.3. [A] of Equation (11.30) 
1 0 0 0 0 0 
0 0 1 0 0 G 
0 0 
0 0 0 0 0 0 
0 a 1- tanBi ,o’ -a 1 
0 0 0 0- 0 0 
1 - 1  0 0 0 0 
0 0 1 1 1 A 
o a2rGj 0 -a 
0 0 0 0 0 0 
-2a -3a2 2 2 
I 
0 0 0 0 0 0 
where al = cos 2 B,/t 
2 a = cos B / a  
2 J 
C.1.4. [Am1] of Equation (11.30) 
1 0 0 0 0 0 
-1 0 0 0 0 1 
0 1 0 0 0 0 
-tanBi 0 -l/al -hc/da, * -l/al -i 
-=4 2 -l/al -hc/dal -l/al a4 
-3 2/al 2hc/dal 2/al -a3 a3 
0 0 0 1 I 0 
0 0 0 -1 -1 0 
0 0 0 0 1 0 
0 0 0 0 -1 0 
0 0 0 0 
0 0 0 0 
-hc/d 0 -h /d 0 f 
1 0 -1 0 
0 0 1 0 
0 0 0 0 
0 0 0 0 
-hc/d -hc/d -hf/d 
1 1 -1 -1 











0 0 0 
0 c! 0 
0 0 0 
0 0 0 
l/a2 hc/da2 l/a2 
-l/a2 -hc/da2 -l/a2 
0 0 0 
0 1 1 
0 0 0 
0 0 1 
3 where a = 2 tanBi+tanS 3 
a4 = tanBi+tanB 5 
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of Equation (11.31) and Section 111.4.4. IT] (s ,e ,5) c.1.5. 
c o d i  s idi  0 0 0 0 3 0 0 0 
sinsi -c0sBi 0 0 0 0 0 0 0 0 
0 0 1 0 0 0 0 0 0 0 
- 0  0 0 1 0 0 0 0 0 0 
0 0 0 0 I, 0 0 0 1 0 
0 COSS sinB 0 0 - 0  0 0 0 0 
0 0 0 0 0 0 0 0 sinB -cos8 
0 0 0 0 0 0 1 0 0 0 
3 J 
3 1 
0 0 0 0 0 0 0 1 0 0 
0 0 0 0 0 0 0 0 0 1 
of Equation (11.31) and Section 111.4.4. IT' (r ,e ,z) C.1.6. 
except that each of the 
( 8  ,e ,a is the same as IT 1 ( r ,a, z) 
2x2 sub-matrices corresponding t o  the  translations is replaced by 
s i n  $, cos $ 
cos $ -sin 9 
Note tha t  i n  {r], u changes t o  ut and u t o  u . 
2 
- C.2. Frustrum Element with Quadratic Shear 
The model displacement vectors are chosen as follows: 
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C.2.1. [@(E)] of Equation (11.19) 
The f i r s t  ten columns of [@I are t h e  same as in Section C.1.1. 
The additional two columns are 
0 0 
0 0 
-h E2/d 2 
C 
-h 5 /d 
C 
0 E2 
C.2.2. [B(&)] of Equation (11.20) 
The f i r s t  t en  columns of [B] are the  same as i n  Section C.1.2. 
The transpose of the addi t iona l  two columns is 
9 
-h ~ C O S B  -hcELb6 
a 2 0 0 0 




hf5CoSB hf52b6 52 2Ecos$ 
a 2 a 
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0 0  0 0 
1 0  0 0 
0 -al 0 0 
0 0  0 0 
0 0  0 0 
0 0  0 C 
1 1  1 1 
0- -a2 -2a2 -3a2 
0 0  0 0 
0 0  0 0 
0 0  0 0 









































































C.2.4 [A-l] of Equation (11.30) 
1 0  0 0  0 0 0 0 0 0 0 0 
-1 0 0 0  0 1 0 0 0 0 0 0 
0 1  0 0  0 0 0 0 0 0 0 0 
-ta12ei .o - -  c -  tanBi 0 0 0 0 0 0 -1 -h -1 a dal 1 al 
0 0 1 - -1 -
2 da2 a2 a 
3 2 -a3 
- -  2 2hc -- 
a 1 dal a?. 
a3 -3 
0 0 -hc - 1 -1 a4 a da2 a 2  
-. -h -2 
2 
- -  1 c -  
i a dal a 
2 
1 
0 0 1  1 0 0 0 0 0 0 0 
0 0 -3 -3 0 0 0 -1 -1 4 0 
0 0 0  1 0 0 0 0 0 0 0 
0 0 0  -3 0 0 0 ’  0 -1 0 4 
0 0 2  2 0 G 0 2 2 -4 0 
@ 0 0  2 0 0 0 0 2 0 -4 
where al through a4 are defined in Sect ion C . l .  
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i 0 0  
0 0  
1 0  
0 1  
0 0  
0 0  
0 0  
0 0  
0 0  
0 0  
0 0  













































































of Equation (11.31) and Section 111.4.4. 
is .the same as 
(=,e,=) C.2.6. 
except that each of the ( s , e , r )  (r,e $2) 
2x2 submatrices corresponding t o  the translations is replaced by 
sin JI cos JI 
cos -sin J, 
Note that in 1 ,  u changes to u and w t o  u . r z 
- C.3. Cap Element with Linear Shear 
The nodal displacement vectors are chosen as follows: 
{qIT - < 0 UzF '1j u2j xbj 'j 'fj > 















0 0  
0 0  
0 0  
0 0  
0 0  
C.3.2. 
of Equation (11.19) 
-cos$ E 0 0 0 0 
0 0 




0 0 0 0 
0 0 0 0 
of Equation (11.20) 
b8 0 3t2b, 0 0 
0 





7 r r 
0 0 0 0 5 0 
cose 0 bl+b2tanBi 2b25+2b3 3b2E2+6b35 a 0 

























2 3  







(ditto) (See Section C.1.2) 
(ditto) (See Section C.1.2) 
where bl through b7 are defined in Section C.1.2. and 
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bg = (l+tanBitan8)cos 2 B/R 
bg = (ein$+tan@,coe$) /r 
= 2b14cos 3 8/; R 
bll 
b12 = 3b116/2 
b13 = b14cos$/F 
b14 = sin$tcosqtanB 
and a through a4 are defined in Section 111.3. 1 
C.3.3. [A] of Equation (11.30) 
0 0 0 0  0 0 
0 0 0 0  -1 0 
0 0 0 0  0 0 
0 0 0 0  0 0 
0 0 0 0  0 0 
0 0 0 0 -cos* 1 
0 0 0 0 sin$ tansi 
0 (tan8 -tanBi)a2 1 0 0 0 0  
0 0 0 0  0 0 
0 0 0 0  0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
1 1 0 0 
-2a2 -3a2 -hc/d -hf/d 
0 0 1 -1 
0 0 0 1 
2 where a = cos @ /R , 
2 j 
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C.3.4. [A - l ]  of Equation (11.30) 
0 0 0 0 0  0 0 0 0 0 
0 0 0 0 0  0 0 0 0 0 
0 0 0 0 0  0 0 0 0 0 
0 0 0 0 0  0 0 0 0 0 
0 -1 0 0 0  0 0 0 0 0 
0 -coe$ 0 0 0 1 0 0 0 0 
0 0 0 0 -a3 3 l/a2 hc/da2 1/a2 
0 a6 0 0 0  a4 2 -l/a2 -hc/da2 -1ta2 
0 0 0 0 0  0 0 0 1 1 
0 0 0 0 0  0 0 0 0 1 
where a2 = cos2f) / a  
j 
j 
a3 = 2tanBi+tane 
j 
a4 = tanBi+tanB 
a - a3cow&3ein$ 
a6 = -a4cos$-2ein$ 
5 
of Equation (11.31) and Section 111.4.4. 
( 0  B e  B I;) 
c.3.5. 
0 0 0 0 0  0 0 0 0 0 
0 1 0 0 0  0 0 0 0 0 
0 0 0 0 0  0 0 0 0 0 
0 0 0 0 0  0 0 0 0 0 
0 0 0 0 0  0 0 0 0 0 
0 0 c o d  sine 0 0 0 0 0 0 
0 0 rille -Core 0 0 0 0 0 0 
0 0 0 0 0  0 1 0 0 0 
J J 
J j 
0 0 0 0 0  0 0 1 0 0 
0 0 0 0 0  0 0 0 0 1 
page no. 206 follows 
20 6 
C.3.6. [TI ( r ,o ,z )  92 Equation (11.31) and Sect ion 111.4.4. 
except IT] (s,0,r> is t he  same as (r , e , z) 
cosSj s i n 6  sin $ cos $ 
cos $ - a h  J, sin6 -cosf! 
j is replaced by 
j j 
Note t h a t  i n  {r}, u changes t o  u and w t o  u . r z 
- C.4. Cap Element wi th  Quadrat ic  Shear 
The nodal displacement vec to r s  are chosen as follows: 
u l j  u2j xbj  yj  'fj 'co 'fo > 
> 
0 0  u3 "j xbj  Y j O Yfj L o  Yfo = < o uzi 
C.4.1. [@([)I of Equation (11.19) 
See  Sect ion C.2.1. 
C.4.2, [B(c)] of Equation (11.20) 
Same as Sect ion C.2.2 except cb6 is replaced by b13. 
C.4.3. [A] of Equation (11.30) 
0 0 0 0  
0 0 0 0  
0 0 0 0  
0 0 0 0  
0 0 0 0  
0 0 0 0  
@ 0 0 0  
0 0 0 0  
0 0 0 0  
0 0 0 0  
0 0 0 0  
0 0 0 0  
0 0 
-1 0 
0 0 0  0 0 0 
0 0 0  0 0 0 
0 0 0 0 0  0 0 0 
0 0 
0 0 
0 0 0  0 0 0 
0 0 0  0 0 0 
-cos$ 1 0 0 0  0 0 0 
sin$ tanBi 1 1 0  0 0 0 
0 
0 0 0 0 1  -1 1 -1 
0 0 0 0 0  1 0 1 
0 0 0 0 1 / 2  0 1/4 0 
0 0 0 0 0 1 /2  0 1 /4  
( tan6 -tanPi)a2 -2a2 -3a2 -h /d -hf/d -hc/d -hf/d j C 
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0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 1 0 
0 -a3 3 
0 a4 -2 
n 0 0 
0 0 0 
0 0 0 

























where a2 through a6 are def ined in Sect ion  C.3.4. 
of Equation (11.31) and Sect ion 111.4.4. 
(s,e S G  c.4.5. 
0 0 0 
0 1 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 


































0 0 0 
0 0 0 
0 0 10 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
1 0 0 
0 1 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
1 0 0 
0 1 0 
0 0 1 
C.4.6. [TI (r,esz) of Equation (11.31) and Sec t ion  111.4.4. 
See Sect ion C.3.6. 
A P P E N D I X  Do. COMPUTER PROGRAM FOR S T A T I C  A N A L Y S I S  OF E L A S T I C  A X I S Y M M E T R I C  
SANDWICH S H E L L S  (FORTRAN I V )  
PROGRAM A X S N S H L ( I N P U T e O U T P U T 9 T A P E 2 r f A P E 3 )  
C 
C A N A L Y S I S  OF T H I N  SANDWICH R O T A T I O N A L  S H E L L  W I T H  A X I S Y M M E T R I C  LOAD- 
C ING. CONSTANT T H I C K N E S S  S H E L L  W I T H  T W I C E  CONTINUOUS M E R I D I A N .  
C M A T E R I A L  P R O P E R T I E S  MAY NOT VARY I N  THE M E R I D I O N A L  D I R E C T I O N  FOR 
C THE PRESENT PROGRAY9 ALTHOUGH M O D I F I C A T I O N  FOR T H I S  C A P A B I L I T Y  
C YAY B E  R E A D I L Y  ACHIE\ 'EDo NO R E S T R I C T I O N  ON R A T I O S  OF LAYER T H I C K -  
C NESSES OR LAYER PROPERTIES. NODES ARE NUMBERED CONSECUTIVFLY 
C ALONG T 4 E  M E R I D I A y  AND I F  A NODE IS LOCATED ON THE A X I S  OF SYM- 
C METRY NlJMaERING MUST S E G I N  AT T H I S  NODE. ELEMENTS ARE NUMRERED 
C SUCH THAT THE ELEMENT N!JYBER IS THE SAME A S  THE SMALLER ADJACENT 
C NODE NUMBER. 
C STORAGE FOR 100 NODES ( A N D  THUS FOR 99 ELEMENTS) .  
C SHEAR 5 T R A I N  AND CURVATURE MODELS VARY L I N E A R L Y  ALONG CHORD LENGTH 
C 
C+*++*********+**+************~************~**************************** 



































1 CARD.. I10 NUVBFR OF S H E L L S  T 3  BE ANALYZED 
THEN9 FOR EACH S H E L L 9  A L L  OF THE FOLLOWING.. 
1 CARD.. COLS. 2-72 T I T L E  




1 CARD.. 5F10.0  
T H I C K N E S S  
NODES9 NN 
LOAD CASES9 NLC 
NODES W I T H  R E S T R A I N T S 9  N8C 
O F  1 F A C I N G  ( I N . )  
YOUNGS MODULUS OF F A C I N G S  ( P S I )  
SHEAR MODULUS OF F A C I N G S  (PSI) 
SHEAR STRESS CORRECTION FACTOR FOR F A C I N G S  
?OISSON R A T I O  O F  F A e I N G S  
1 CARD.. 5F10.0 
THICKNESS O F  CORE ( I N . )  
YOUNGS MODULUS OF CORE ( P S I )  
P O I S S O N  R A T I O  OF CORE 
SHEAR MODULUS OF CORE (PSI) 
SHEAR STRESS CORRECTION FACTOR FOR CC'R 
(NOTE.. SHEARING MAY B E  NEGLECTED BY S t T f I N G  G T O  5 39999 1 
NN CARDS.. 1 1 0 9 3 F 1 0 . 0  
NODE NUMBER 
R e  A B S C I S S A  OF NODE ( I N . )  
2 9  O R D I N A T E  OF NODE ( I N . )  
P H I 9  L A T I T U D E  ANGLE OF NODE (DEGREES)  
N N - 1  CARDS.. 2F10.0 
20 8 
209 
C CURVATURE AT NODE I OF ELEMENT I l / I N . )  
C CURVATURE A T  NODE J OF ELEMENT ( l / I N . I  
C 
C NBC CARDS.. 5 1 1 0  
C NODE NUMBER 
C TANGENTIAL DISPLACEMENT INDEX :r)*FREEc I tCONSTRAINED)  
C RADIAL  DISPLACEMENT INDEX I D I T T O  1 
C BENDING ROTATION INDEX ( D I T T O  ) 
C SHEAR WARPING INDEX ( D I T T O  I 
C 
C FOR EACH LOAD CASE9 THE 
C 1 CARD.. Z I l 0 1 L l 0  
C NUMBER OF LOADED ELEMENTS9 NLE 
C NUMBER OF LOADED NODES9 NLP 
C UNIFORM LOA') INDEX*  L U L  (1 IF SAME DISTRIBUTED LOAD 
C ON NLE ADJACENT ELEMENTS, F OTHERWISE) 
C LOADED ELEMENT IS REEDED) 
C ELEMENT NUMBER 
C TANGENTIAL LOAD INTENSITY AT END I (PSI) 
C R 4 D I 4 L  LOAD !NTENSITY AT END I ( P S I )  
C TANGFNTIAL L O 4 0  INTENSITY A T  END J ( P S I )  
i RADIAL  LOAD INTENSITY AT END J (PSI) 
C NLE CARDS.. 11016F10.0 ( I F  LUL IS T 9  THEN ONLY 1 CARD FOR F I R S T  
C MOMENT LOAD INTENSITY AT END ( IN.-LB. / IN**ZI  
C MOMERT LOAD INTENSITY AT END J (AN.-LB./ IN**2I  
C (NOTE.. L INEAR INTERPOLATION OF D I S T R I e l l T E D  LOADS 
C IS USED ALONG THE CHORD LENGTI' OF THE ELEMENT.) 
C MLN CARDS.. I 1 0 * 3 F 1 0 . 0  
C NODE NUMQ€F! 
C TAhlGFNTT4L CONCENTRATED LOAD AT NODE fLB./ IN.I  
C RADIAL  CONCENTRATED LOAD AT NO@€ (LB./IN.) 
C CONCENTRATED MOMENT AT NODE ( i  -LB./IN.) 
C 
COMYON / / N Y I Y E I Y L C I ~ ~ ~ F ~ N B C I N ~ ~ I ~ ~ E * N L K .  
P I  = 3 .14159265358979  
READ 10309 NSHELLS 
DO 100 N = I r N S H E L L S  
CALL SFTUF 
CALL BCS 
DO 100 I = l r N L C  
CALL L O A D S ( i 1  
100 CALL S O L V E ' I I  
1000 FORMAT I 11'. 
STOP 
E NO 
SUBROUT I NE SETUP 
C T H I S  SUQROUTINE READS THF GEOMETRICAL AND MATERIAL PROPERTIES QF 
C THE SHELL AND SETS UP THE FOLLOWING.. ( 1 )  OVERALL STIFFNESS MATqIX  
C UNMOOIFIED FOR BOUNDARY COYDITIONS ( 2 )  ELEMENT TRANSFORMATION 
210 
C MATRICES ST ED ON T4PE 1 (31  NODAL STRESS RESULTANT MATRICES 
C STORED ON T d E  2 (41 CONSISTENT LOAD INTEGRATION MATRICES STORED 
C SHEAR STRAIN AND CURVATURE MODELS VARY LINEARLY ALONG CHORD LE"GTH 
C ON TAPE 30 
REAL NUFvNUC*KF*KC 
COMMON / / YN *WE r YLC r NDCF *NBC rNR3 r NLE *NLN *P I 
COMMON /ARRAY/ S ~ ~ 0 0 ~ 8 ~ r S T ~ 9 9 r l 0 ~ 2 ~ . I B C ~ 5 O ~ ~ R L ~ 4 O O ~ ~ ~ C ~ 2 O O ~ ~ U ~ 9 9 O ~  
C3MMON /PROPS/ H.D.HF.HC*EFINUFIGF*EC.NUC.CCIDF.DF~~~*~~ 
COMMON / X G E W /  YP*YPP*RXsCOSB*YBAR 
CCMPION /ELGEOH/ R~lOOIrZ(100I~ EL*SPSI*CPSI* 
COMMON /INTEG/ X(12)*WtlO) 
DIMENSION C P H 1 ~ 1 0 ~ ~ ~ S P H 1 ~ 1 0 0 1 ~ P ~ 1 0 ~ 1 0 ~ 3 ~ ~ ~ 1 ~ 1 0 ~ ~ 0 2 ~ 1 0 ~ ~ 0 3 ~ 1 0 ~ ~  
EQUIVALENCE (CWIfl)*QL(ll)* (SPHI(l)*RLIlOlI)* (P(l)*U(:)Is 
DATA X / O o C ,  3.013046735741414* 0.067468316655507* 
1 T B I . T B J I C S I . C B J . S B ~ ~ S E - * A ~ * ~ ~ * A ~ * A ~  
COMMON /STMATS/ S E L ~  10.10) .e112.10) .013(12~10) * i t :os1o)  
1 PHI(100) 
1 (P1[11*dt301)1* (P2(11*U(3111)* (P3(ll.U(3211) 
1 00160235215850488* 0.283302302935376* 0.425562830509184* 
2 00574437169a90816r 0.716697697064624s 00839704784149512* 
3 30932531633344497* 3.986953264258586. 1.0 1 
DATA il / 0.G66671344308688~ 0.149451349150581* 
1 00219046362515982* 0.269266719339996s 0.295524224714753* 
2 00295524224714753* 0.26926671910?996* 00219006362515982~ 




READ lOOlr NN-NLCmNBC . 
R€AD 1902. HF*EFeYUFsGF*KF 
READ 1002 HC *tC *YUC*CC*KC 
lF(NNmGTo100) GO TO 900 
IF(GFoGE+9999999998mO) GF = loOE+20 
IF(GCoCE09999999998oO) 5C = 10OE+20 
PRINT 2001. NN*%LC*NBC* HF*HC* EFS~UFSGFIKFI EC*NUC*GC*KC 
H = HC + 209*HF 
D = HC + HF 
NE = NN - 1 
NDOF = 4+NN 
EF = EF/fIoO - NUFWUF) 
EC = EC/(loO - YUC+NUZl 
BF = E F W F  
BC = EC*HC 
GF = GF*HF*KF 
GC = CC*HC*KC 
OF = BF+HF*HF/12oO 
DC 5 BC*HC*HCf12.0. 
DO 100 I = 1,NOOF 
DO 100 J = lr8 
JK = 0 
PRINT 20C2 
DO 110 I = 1*NN 
100 Sf I s J I  = 0.G 
DQ = 180.0/PI 
READ 10039 I*R(Il*Z(IIrPHI(I) 
PRINT 2003rIrR~IlrZ~Ilr~HI~Il 
PHI(I1 = PHI(Il/DR 
SPHI(I1 = SlN(PHI(II1 





DO 500 I - =  lrNE 
DR RfI+lI - R(I) 
DZ = Z(X+1) - Z(I1 
EL = SORT(DR*DR + DZ*DZ) 
SPsI = DRIEL 
CPS: = DZIEL 
SBI = CPHIfIl*CPSI - SPHI'II*SPSI 
CBI = SPrlI(Il*CPS! + CPHi(Il*SPSI 
TBI = SBI/CBI 
Si3J = CPH~(I+lI+CPSI - SPHI(I+I)*SPSI 
CBJ = SPHI(I+1I*CPSI *. CPHi(I+1I*SDSI 
TBJ = SBJ/CBJ 
READ 10349 TJRVI rCUXVJ 
PRINT 2COSr I r C U R V ! r C U R V J * t l r S P S I r C P S I r T B I . T B J  
YPPI = -EC*CURVI/CBI+*3 
YDPJ = -EL*CURVJ/CBJ**3 
A2 = T B I  + O.S*YPPI 
A3 = -(5.O*TBI + 4mO*TBJI + O*5*YPPJ - YPPI 
A 4  = 3oO*(TBI + TBJ) O.S*fYPPI - YPPJ) 
A I  = TBI 
PO 150 J = l r l r )  
DO 150 1( = 1.10 
150 5ELIJ.K)  = 0.0 
C COMWTE AND STORE ELEMENT TRANSFORMATION MATRIX (A**-ll*T 
CALL TUAT(I1 
WRITEIl) f(T(KrLIrL=lr1O)r~'lr~O) 
DO 400 J = lrl2 
YaAR = (1.0 - X(J))*(Al + X(JI*(AZ + X(JI*(A3 + X(JI*A4))1 
VP = A1*(1.0 - 2oC)*X(J)I+ X(J)*(A2+(2.0 - 3oO*X(Jll + XlJ)*(A3* 
YPP = 2.O*f-Al + AZ*!!oO - 3oO*X(J.)))+ X(J)*IA3*(6.0 - 12.O+X(JIl 1 ( 3 . 3  - 4oO*XfJ)) + A4*X(J)*f400 - 5.O*X(J)))) 
1 + A4+X(J)*flL.O - 20.O+X(Jll) 
i Z X  = R(II + XfJl*EL*(SPSI + YBAR*CPSIl - C3S2 = leO/(SQRTtl.O + YP+YPll 
r .- EVALUATE R ( r :  A T  NODES A N D  INTECR&TION POINTS 
CALL eMAT(IrJ1 
IF1J.EO.loOReJ~EQo121 GO TC) 200 
C = PI*EL*RX*W(J-II/COSB 
CALL SELA(C) 
CALL PHITMAT(1rJI 
PlfJ-1) = C 
P2(J-1) = YP 
P3( J-1) = COS6 
GO TO 400 
r 
L ADD CCINTSIBUTION TO ELEMENT STIFFNESS INTEGRATION . 
i COMFJTE MATRICES FOR INTEGRATION OF DISTRIBUTFD LOADS 
200 CONTINUE 
212 
C STORE M A T R I C E S  NEEDED TO RECOVER S T R E S S  R E S U L T A N T S  AT NODES 
C A L L  S T R E S S  
. W R I T E ( 2 I  ( ( B ( K 1 L ) r L f l , l 0 ) * K ~ l r l Z )  
400 C O N T I N U E  
c STORE I N F O R M A T I O N  FOR I N T E G R A T I O N  OF D I S T R I B U T E D  L O A D S  
W R I T E  ( 3 )  ( ( f P ( J . K 1 L ) r L = l r 3 ) . K r l r l O ) , J r l r l b ) . ( P l ( J ~ 0 ~ 2 ~ J ) * ~ ~ ( J ) ~  
1 J = l r l O )  
C D E N S E  TO 8x8 
C STORE M U L T I P L I E R S  AND P I V O T S  
C TRANSFORM i o x i o  ELEMENT STIFFNESS To & e A L  ~O-ORDINATES AND CON- 
c a u  SELR( I 
D O  420 J = 1.2 
! i = J + 8  
30 421) K = 1.10 
420 ST(1.K.J) = S E L ( 1 J . K )  
C ADD 8x8 ELEMENT S T I F F N E S S  TO O V E R A L L  S T I F F N E S S  
30 453 J = 1.8 
I J  = J K  + J 
30 450 K = J.8 
I K = K - J + l  
4 5 0  S(!J.!K) = S I  I J I I K )  + S E L t J r K )  
500 J K  = J K  + 4 
EN3 F I L E  1 
END F I L F  2 
E N D  F I L F  3 
RETURN 
900 P R I N T  2900 
STOP 
1 O n 0  F O R M A T I  72H 
1001 F C R M A T ( 3 1 1 0 )  
1 
1OC2 FORMAT [ 5F10.0 ) 
1 0 0 3  F @ R M A T ( : 1 0 ~ 3 F 1 0 * 0 )  
1004 FORMAT( ZF10.0  ) 
2335 FCIRHAT( 1d1) 
2001 FORM4T(  1 0 X * 2 8 H N U f 4 8 E R  O F  NODES 
1 1 0 X r 2 B q Y ' J Y B E R  OF L04D C A S E S  
2 10X.28YNUYBER OF R E S T R A I N E D  NODES 
3 l O X ' e 1 6 H F A C E  T H I C K N E S S  =rF10.6/ 
4 1 9 X r 1 6 H C J R E  T H I C K N E S S  =sF10.6/ /  
5 10X.eHFACE E =,F13.1/ 
6 lOX.?HFACE NU-=.F12.5/ * 
7 1 0 X I B H F A C E  G =rF13.1/ 
7 19X.10HF4CE K A P  = r F l l o 5 / /  
M 1 O X I e H C O R E  E =.F13.1/ , 
9 1PX.9HCORC N U  =rF12.5/ 
1 1 O X I e H C O R E  G = rF13*1 /  
1 lOX.1OHCORE K A P  = r F l l o 5 / ;  
2 39tj A L L  J U A N T I T I E S  I N  I N C H E S  AND/OR POUNDS 1 1  
2 0 0 2  F O R M A T l / / l l H O N O D A L  D A T A  / 
9 ~ X I ~ H N O D E I ~ X I ~ ~ H A B S C I S S A I  R r 8 X 1 1 2 H  ORPINATEI  296x1 
2 15X.5H( I Y . ) ~ ~ ~ X I S H ( I N O ) ~ ~ ~ X I B H ( D E G R E E ) / )  
1 1 4 Y L A T I T U D C  ANGLE/ 
2 0 0 3  F O R M A T ( : 4 r 3 F 2 0 . 8 )  
2004 F O R M & T (  /18HOELEMEYT GEOMETRY / 
213 
1 8H E L E M E N T r l O X , 7 H C U R V ( I ) ~ l O X r 7 H C U R V ( J ) r 5 X ~ l 2 H C H O R D  LENGTHrlOXr 
3 19Xr7H(~/IN.)rlOXr7H(l/IN.)r12Xr5H(IN.)) 
2 7 Y 5 I N  PSIrlOX.7HCOS F S i r 6 X r l l H T A N  B E f A I I ) r 6 X * l l H T A N  B E T A ( J ) /  
Z O O 5  FORMAT(I8r7F17.9)  
2900 F O R M k l ( / / / / / 4 1 H O N U ~ B E R  OF NODES EXCEEDS ALLOWABLE STOP ) 
SUaROUTINE TMAT(1)  
C T H I S  SUBROUTINE EVALUATES THE CO-ORDINATE TRANSFORMATION M A T R I X  
C ( A * + - l ) + T  FOR ELFMEYT :o 
C GLOBAL CO-ORDINATES ARE S AND X I  (MERIDIONAL AND R A D I A L ! *  AND 
c -HUS CAN BE APPLIED ONLY TO SHELLS WITH TWICE CONTINUOUS MERIDIANS 
C SHEAR STRAIN AND CURVATURE MODELS VARY LINEARLY ALONG CHORD LENGTH 
s REAL ':UC r NUF 
COMMON /PROPS/ H ~ D ~ H F I H C I E F ~ N U F ~ G F ~ ~ ' ~ N U C I G C ~ ~ F * C F ~ ~ ~ * ~ ~  
COMMON /STYATS/ S E L ~ 1 0 ~ 1 0 ~ . ~ ~ i 2 ~ 1 0 ~ ~ D B ~ l Z ~ l ~ ~ ~ T ~ l o ~ l O ~  
C0MF:ON /ELGE0;4/ R (  100 1 rZ ( 130 ) 9 EL*SPSI.CPSI*  
30 1 3 0  J = l r l O  
DO 1 0 0  K = 1910 
IF(R( I ) .EQ.O*OI GO TO 500 
B ( l r 1 )  = B 1 3 r 2 )  = R ( Z r 6 )  = 1.0 
B(7 .4 )  = B ( 7 . 5 )  = B ( 9 . 5 )  = 1.0 
B ( 8 9 9 )  = B ( 8 . 1 0 )  = 9 (10 r10 )  = 1.0 
3 ( 2 * 1 1  = B ( B r 4 )  = B ( 8 r 5 )  = B 1 1 0 ~ 5 )  = -1.0 
a:4, i )  = -TBI 
B ( r r 6 )  = T B I  
B ( 6 r 6 )  = T B I  + TBJ 
B ( 6 r l )  = - B ( 6 . 6 )  
B ( 5 r l )  = R ( 6 r 6 )  + T B I  
B ( 5 . 6 )  = - H f 5 * 1 )  
B (5 .2 )  = -3.0 
B ( 6 * ? )  = 2.0 
B(5 .7 )  = 3.0 
B(6 .7 )  = -2.0 
B ( 4 . 3 )  = B ( 6 r 3 )  = - E L / C B I / C B I  
R ( 4 r 4 )  = 8 ( 6 r 4 )  = H C + R ( 4 r 3 ) / D  
B ( 4 r 5 )  = B ( 6 r 5 )  = B ( 4 r 3 )  
B ( 5 r 5 )  = - 2 . 3 * 8 ( 4 r 5 )  
B ( 6 r 8 )  = - 8 t 5 r 8 )  
B ( 5 r 9 )  = H C + 8 ( 5 * 8 ) / D  
B ( 6 . 3 )  = - 8 ( 5 * 3 )  
B ( 5 r ' I O )  = B I 5 . e )  
R ( C r l 0 )  = - 8 ( 5 r 1 0 )  
D i  2 0 3  J = 1 r 1 7  
1 T B I . T B J I C ~ I . C ~ J . S B I . S B J ~ ~ ~ ~ A ~ ~ ~ ~ ~ A ~  
100 B ( J r K )  C O O  
C M4TRIX FOR OPEN-ENDED ELEMENT 
B(5 .3 )  = -2 .0 *8 (493)  
B (5 .4 )  = - 2 . 0 * 8 ( 4 * 4 )  
~ ( 5 ~ e )  = ELICBJICBJ 
214 
SUBROUTINE B V A T f l r J )  
C T H I S  SUBROUTINE EVALUATES THE M A T R I X  B FOR ELEMENT I AT POINT X ( J I  
C SHEAR STRAIN AND CURVATURE MODELS VARY LINEARLY ALONG CHORD LENGTH 
REAL NUFINUC 
COirlMON /PROPS/ H ~ D ~ t I F r t l C r E F r N U F  r G F  9CC vNGL rGC*OF rDF rBC9DC 
COMMON /XGEO:</ YPIYPPIRXICOSB*YGAR 
COKMON /ELGEC:;I/ R ( l O O ) r Z ( l O O ) r  E L * S P S I r C P S I *  
COMt<ON /STKATS/ SFLf 10110) 93( 1 2 9 1 0 )  *OB( 1 2 9 1 0 )  r T (  1 0 1 1 0 )  
COI lMQt i  /1NTEG/ X f l 2 ) r W ( 1 3 )  
DO 10'l K = 1 9 1 2  
DO 130 L = 1 9 1 0  




SUBROUTINE P H I T M A T ( 1 r J )  
C THIS SUBROUTINE E V A L U A T E S  THE TRANSFORM O F  THE M A T R I X  P H I  FOR 
C ELEMENT I AT P O I N T  X I ( J I  
C SHEAR S T R A I N  AND CURVATURE MODELS VARY L I N E A r 7 L Y  ALONG CHORD LENGTH 
R E A L  NUFrNUC 
COMMON /PROPS/  HrDrHFrHCrEFrNUFrGFrECrNlJCrCCrPFrDFrnCrDC 
COMMON /XGEOM/ Y P s Y P P r R X v C C l S B r Y b A R  
COMMON /ELGEOM/ R ( l O O ) s Z ( l O O ) r  E L s S P S I e C P S I r  
COMMON /ARRAY/ S ~ 4 0 0 r 8 ~ r S T ~ 9 9 r 1 0 r 2 ~ r I B C ~ ~ O ~ r R L ~ 4 O @ ~ r R C ~ ~ O O ~ r U ~ 9 9 0 ~  
COMMON / I N T E G /  X ( 1 2 ) r W ( 1 0 )  
COMMON /STMATS/  S E L ~ 1 0 r 1 0 ~ r B ~ 1 2 r 1 0 ~ r D B ! l ~ ~ l O ~ r T ~ l O e l O ~  
3 I M E N S I O N  P H ( l O r l O r 3 )  
E Q U I V A L E N C E  ( P H (  1) rU( 1 )  )
K = J - l  
DO 100 M = l r l O  
DO 100 L = 1 9 3  
1 TBIeTBJrCBIrCBJrSBIrSBJ~AlrA2sA3rA4 
100 P H ( K ~ M S L I  0.0 
IF(R(I) .EQ.O.O) GO T O  500 
C M A T R I X  FOR OPEN-EWE9 ELEMENT 
P H ( K r l e 1 )  = P H ( K r 3 r 2 )  = 1.0 
P H ( K r 2 r l )  = PHfK,4 ,2)  = X I J )  
P H ( K r 5 r 2 )  = X ( J ) + X ( J )  
P H ( K r 6 r 2 )  = X ( J ) + P H ( K r S r 2 )  
P H ( K e 2 r 3 )  = COSB+YP*COSB/EL 
P H ( K r 4 r 3 )  = -COSB*COSS/EL 
P H ( K 9 5 r 3 )  = 2 o O * X ( J ) * P H ( K 1 4 r 3 )  
P H ( K r 6 r 3 )  = 1 0 5 + X ( J ) * P H ( K r 5 r 3 )  
P H ( K r 7 r 3 )  = -HC/D 
PH ( K r8 93 1 
P H ( K r 9 r 3 )  = -HF/D 
P H ( K r l O r 3 )  = X f J ) * P H I K r 9 r 3 )  
= X ( J) +PH( K 9 7  93 1 
GO TO 1000 
C M A T R I X  FOR CAP 
500 P H ( K r 5 r l )  = - C P S I  
P H I K r 5 r 2 1  = S P S I  
P H ( K e 6 r 1 )  = X t J )  
P H ( K r 6 r 2 )  = X ( J ) * T B I  
P H ( K r 7 r 2 )  = X I J ) * X ( J )  
P H ( K e 8 r 2 )  = X ( J ) * * 3  
P H ( K e 6 r 3 )  = ( Y P  - T B I ) + C O S B + C O S B / E L  
P H ( K r 7 r 3 )  = -Z.O*X(J)+COSB*COSB/EL 
P H ( K r B r 3 )  = 1 * 5 + X ( J ) * P H ( K r 7 r 3 )  
P H ( K r 9 r 3 )  = - H C * X ( J ) / D  




SUBROUTINE SELA(C)  
C T H I S  SUBROUT1i.Z C3YFuTES A TERM IN THE GAUSS INTECRATION FOR THE 
C STIFFNESS MATR!X I N  GENERALIZED CO-ORDINATES 
C SHEAR STRAIN ANG CURVATURE MODELS VARY LINEARLY ALONG CHORD LENGTH 
REAL NUFrNUC 
COMMON /PROPS/ HrDrHFrHCrEFrNUFrGFrECrNIJCrGCrBFrDFrRCrDC 
COMMON /STMATS/ S E L ~ l O r l ~ ~ ~ r 8 ~ 1 2 r l O ~ r D B ~ l 2 o l O ~ r ~ ~ l ~ r l O ~  
DO 100 K '= 1910 
D B I l r K )  = B C + ( B ( l r K )  + N U C * B ( Z r K ) ) + C  
D B t 2 r K )  = B C * ( B ( 2 r K )  + N U C + B ( l r K ) ) * C  
D B ( 3 r K )  = GC+B(3 rK) *C  
D B ( 4 r K )  = D C I ( B ( 4 r K )  + N U C * B ( 5 r K ) ) + C  
D R ( 5 r K )  = D C * ( B ( S r K )  + N U C * B ( 4 r K ) ) * C  
D P 1 6 r K )  = R F * ( R ( 6 9 K )  + N U F * R ( 7 r K ) ) * C  
D R ( 7 r K )  R F * ( B ( 7 9 K )  + N U F * B ( 6 r K ) ) * C  
DB ( 8 r K  1 = GF*B (8 r K  )*C*2.0 
D B ( 9 r K )  = D F * ( B ( 9 r K ) +  NUF*B( lOrK))*C*2.0 
D B ( 1 0 r K )  = D F * ( B ( l O r K )  + N U F * 8 ( 9 r K ) ) * C * 2 . 0  
D B ( l 1 r K )  = B F + ( B I l l r K )  + N U F * R ( 1 2 r K ) ) + C  
1 0 0  DBI12.K) = B F + ( B ( 1 2 r K )  + N U F * B ( l l , K ) ) + C  
DO 2 0 0  K 1910 
DO 2 0 0  L = 1 9 1 0  
DO 2 0 0  M = 1 9 1 2  
RETURN 
END 
2 0 0  S E L ( K r L )  = S E L ( K r L )  + R ( Y * K ) * D B ( M r L )  
SUBROUTINE STRESS 
C T H I S  SUBROUTINE EVALUATES THE MATRIX E+B*T AT THE NODES OF THE 
C SHEAR STRAIN AND CURVATURE MODELS V A R Y  LfNEARLY ALONG CHORD LENGTH 
C ELEMENT FOR LATER CALCULATION OF THE STRESS RESULTANTS. 
REAL NUFrNUC 
COMMON 
COMMON /STYATS/ S E L ~ 1 0 r 1 0 ~ r B ~ ? 2 r l O ~ ~ D R l l 2 ~ ~ ~ ) r T l l O r l ~ ~  
DO 1 5 0  I = 1910 
D B ( l r 1 )  = B C * I B ( l r I )  + N U C + B ( 2 r I I )  
D B ( 2 r I )  = B C * ( B ( 2 r I )  + N U C * B ( l r I ) I  
D B ( 3 r I )  = G C * B f 3 r I )  
D B ( 4 r I )  = D C ' ( B ( 4 r I )  + N U C * B ( 5 r I ) )  
D B ( 5 r I )  = D C * ( B ( 5 r I )  + N U C * R ( 4 r I ) )  
DO 1 0 0  J = 5910r5 
D B ( J + l r I I  = R F + ( B ( J + l r I l  + N U F * B ( J + 2 r I ) )  
1 0 0  D B ( J + 2 r I )  = B F + ( B ( J + Z r I )  + N U F * f ? f J + l r I ) )  
D B ( 8 r I )  = G F * B ( 8 r I )  
D B 1 9 r I )  = D F * ( B ( 9 r I )  + N U F * B ( l O * I ) )  
DO 200  I = 1 r 1 2  
DO 200 J = 1 9 1 0  
R ( 1 r J )  = 0.0 
DO 2 0 0  K = l r l O  
/PROPS/. t i  r Dr HF r HC r EF 9 NlJF r GF r EC * NUC r GC r PF r DF r BC r PC 
1 5 0  D B ( 1 O r I )  = D F * ( B ( I O r I )  t N U F * R ( 9 r I ) )  
200 B ( 1 r J )  = B ( I r J )  + D B ( I r K ) * T ( K r J )  
RETURN 
E NO 
SUBROUTINE S E L R ( L I  
C T H I S  SUBROUTINE TRANSFORMS THE ELEMENT S T I F F N E S S  FROM G E N E R A L I Z E D  
C TO GLOBAL CO-ORDINOTES AND CONDENSES I T  FROM 10x10 T O  8x8 U S I N G  
C S T A T I C  CONDENSATION. 
C SHEAR S T R A I N  AND CURVATURE MODELS VARY L I N E A R L Y  ALONG CHORD LENGTH 
COMMON /ELGEOM/ R (  190) r t  (160) r E L r S P S I r C P S f r  
COMMON /STMATS/  S E L ~ 1 0 ~ 1 0 ~ r B ~ 1 2 r 1 0 ~ r D B ~ l 2 r l O ~ r T ~ l O r l ~ ~  
DO 5 0  I = 199 
I J =  I + 1 
DO 5 0  J = I J r 1 0  
S E L ( 1 r J )  = O O S * ( S E L ( I I J )  + S E L I J r i l )  
GO TO 50 
1 T B f r T B J r C B I r C B J r S B I r S R J I A l r A Z I A 3 r A 4  
C SYMMETRIZE ELEMENT S T I F F N E S S  I N  G E N E R A L I Z E D  CO-ORCINATES 
I F ~ S E L ~ I ~ J ~ o E Q o O o ~ o O R o S E L ~ J . I ) . E C . O ~ O ~  GO T  45 
45 S E L ( 1 r J )  = 000 
50  S E L ( J r 1 )  = S E L ( 1 r J )  
DO 100 I = l r l O  
DO 100 J = 1110 
D B t I r J )  = 0.0 
DO 100 K = 1910 
DO 200 I = l r l O  
DO 200 J = 1910 
S E L ( I r J I  = 000 
DO 200 K = 1910 
C TRANSFORM TO GLOBAL CO-ORDINATES 
100 D B ( 1 . J )  = D B t f r J )  + S E L ( I r K ) * T ( K r J )  
200 S E L t I r J )  = S E L t I r J )  + T ( K r I ) * D B ( K s J )  
I F ( R ( L ) o N E o O o O )  GO T O  250  
S E L ( l r 1 )  = S E L ( 3 r 3 )  = S E L ( 4 r 4 )  S E L ( 3 9 9 )  = lor! 
C CONDENSE TO 8 x 8  ELEMENT S T I F F N E S S  
250 DO 300 J = 1 9 2  
I J  = 10 - J 
I K  = I J  + 1 
P I V O T  = S E L ( I K r 1 K )  
DO 300 K = l r I J  
C = S E L t I K r K ) / P I V O T  
S E L l I K r K )  = C 
DO 300 I = K r I J  
S E L ( 1 n K )  = S E L ( 1 r K i  - C * S E L ( I r I K )  




C T H I S  SUBROUTINE R F 4 D S  THE BOUNDARY C O N D I T I O N  PATA, M O D I F I E S  THE 
C OVERALL S T I F F N E S S  Y A T R I X  ACCORDINGLY AND THEN T R I A N G U L A R I Z E S  I H E  
C S T I F F N E S S  FOR READY S O L U T I O N  
C SHEAR S T R A I N  AND CURVATURE MODELS VARY L I N E A R L Y  ALONG CHORD LENGTH 
COMMON / / NNIN€INLC*NDOF~NBC~NROINLEINLE~NLN*PI 
COMMON /ARRAY/ S ~ 4 0 0 r 8 ~ r S T ~ 9 9 r 1 0 t 2 ~ ~ I ~ C ~ 5 0 ) r R L ~ 4 O @ ~ ~ R C ~ 2 O O ! r U ~ 9 9 O ~  
COMMON / E L d E O M /  R ( l O O ) v Z ( l O O ) r  E L I S P S I ~ C P S I I  









DIYEN?, ION N R ( 4 )  
I F ( R ( 1 ) o N E e O . O )  GO TO 100 
i B C ( 1 )  = 1 
NRD = 0 
NHD = 3 
I B C ( 2 )  = 3 
I B C ( 3 i  = 4 
P R I N T  2000 
READ K I N E M 4 T I C  C O N S T R A I N T S  AN@ M O D I F Y  OVERAI L S T I F F N E S S  
DO 300 I = 1 r N B C  
READ 1001, N * I N R f J ) r J = l r 4 )  
P R I N T  !COlr N . ( N R f J I * J  = 1 9 4 )  
I J  = 4*N - 4 
93 300 J = 1 9 4  
NRD = NRD + 1 
I K  = I J  + J 
I R C ( N R D )  = I K  
S (  I K 9 1 )  = 1.00 
DO 200 K = 218 
S ( I K 9 K )  0.0 
L = I K  - K + 1 
I F ( N R (  J ) -EQ.O)  GO TO 300 
I F ( L a L E . 3 )  GO TO 200 
S l L r K )  = 0.0 
CONT I NUE 
C O N T I N U E  
I F ( N R D o G T . 5 0 )  GO TO 999 
T R I A N G U L A R I Z E  S T I F F N E S S  M A T R I X  
C A L L  B A N S O L ( ~ . R L I S ~ ~ O O ~ ~ ~ N D O F I B )  
RETURN 
P R I N T  2 9 9 9 r N R D  
STGP 
F O R M A T ( 5 I l O l  
F O R M 4 T ( / / 5 9 H O K I N E M 9 T I C  C O N S T R A I N T S  (0 = UNCONSTRAINED, 1 = CONSTRA 
1 I N E D )  / 
2 ~ X ~ 4 H N O D E ~ 5 X ~ 1 O H M E R I D S O N A L ~ 9 X ~ 6 H R ~ D I A L ~ 7 X ~ ~ H R O T A l I O N ~  
3 BXI?HWARPING/) 
2 0 0 1  FORMAT( I l i ~ r 4 I  1 5 )  
2 9 9 9  F O S M A T ( / / / / / 3 8 H S N U C S E R  O F  CONSTRAINED D I S P L A C E M E N T S  t r I 4 r  
1 28H EXCEECS ALLOW4BLE 5 0  STOP 1 
END 
220 
SURROUT I NE LOADS ( I I 
C THIS SUBROUTINE READS THE LOADING D A T h r  INTEGRATES TO OBTAIN 
C THE CONSISTENT LOADS+ REDUCES THE LOADS BY STATIC  CCNDENSATION 
C AND ASSEMBLES THE OVERALLL LOAD VECTOR WITH MODIF ICATION FOR K I N E -  
C SHEAR STRAIN AY3 CURVATURE MOOELS VARY LINEARLY ALONG CHORD LEI'JSTH 
COMMON / 
COMMON /ARRAY/ ' ~ ~ 4 0 0 r 8 ~ r S T ~ 9 9 r 1 0 r 2 ~ r I B C ~ 5 ~ ~ r R L ~ 4 @ ~ ~ r R ~ ~ 2 @ O ~ r U ~ 9 9 O ~  
COMMON / I N T E C /  X ( l Z ) r W ( l O )  
COMMON /STMATS/ S L L ~ 1 0 r 1 0 ~ r B ~ 1 2 r 1 0 ~ r D B ~ l ~ r l O ~ ~ T ~ l O r l O ~  
COMMON /ELGEGM/ R ( l O O ) r Z ( l O ! l ) r  E L , S P S I I C P S I r  
C MATIC  CONSTRAINTSi 
/ NNr  NE r NLC r NDOF r N b 7  r NRD r NLE r NLN r P  I 
1 TBIrTBJrCBIrCBJrSBIrS~JrAlrA2rA3rA4 
1 C L ( 5 0 0 )  
1 ( P H ( l ) r U ( l ) ) r  ( P l t l l r U ( 3 0 l ) ) r  ( P Z ( l l r U ( 3 1 1 1 ) r  ( P 3 l l ) r U i > ? l ) ) r  
2 
DIMENSION P ( 1 0 ) r P V ( l l ) r P R ( l O ) r  P H ~ 1 O ~ 1 O ~ 3 ) r P l ~ l O ~ r P 2 ~ i O ~ r P 3 ( 1 0 i ,  
EQUIVALENCE ( P ( l ) r S E L ( l ) ) .  ( P R ( l ) r S E L l l l ) ) r l P V ( l ) t S E L ( 2 l l ) s  




N = NDOF/2 
DO 5 0  J = 1 ; U  
I J = N + J  
5 0  R L ( J )  = R L ( I J )  = R C ( J )  = 0.0 
N = N / 2  + NDOF 
DO 60 J = 1 r N  
READ 1 O O O r  N L E r N L N r L U L  
DRINT 2000r I * N E * N L E r N L N r L U L  
IF!NLE.EQoO) GO TO 600 
PRINT 2 0 0 1  
I T  = 1 
DO 5OG J l r N L E  
DO 100 K = l r l O  
6 0  C L ( J )  = 0.0 
'00 P R ( K )  = 0.0 
C READ VALCE 3 F  D ISTRIBUTED LC. 
IF(LULoAND.J.GT.1) GO TO 1 5 5  
READ 1001r I E r ( P V ( K l t K = 6 r l l )  
C PREPARE TAPES FOR ELEMENT I E  
I F I I E - I T )  1 2 0 r 1 6 0 r 1 4 0  
DO 1 3 0  K = 1 r N  
1 2 0  N = I T  - I E  
BACKS?ACE 1 
1 3 0  BACKSPACE 3 
GO TO 160 
140 N = I E  - I T  
DO 1 5 0  K = 1 r N  
READ (1 )  
1 5 0  READ 1 3 )  
GO TO 160 
1 5 5  I E  = I E  *r 1 
160 PRINT 2 0 0 2 r I E r ( P V ( K ) r K = 6 r l l )  
C INTEGRATE LOAD VECTOR OVER X I  
READ (3) ~ ~ ~ P H ~ K ~ L ~ M ) ~ M ~ l ~ 3 ) ~ L ~ l ~ l O ~ ~ K ~ l ~ l O ~ ~  ( P l ( K ) r P Z ( K ) * P 3 ( K ) t  
iC3ES OF LbnDED ELEMENTS 
221 
1 K = l . l O l  
DO 200 K 1-10 
C = P l t K )  
YP = P Z ( K )  
COSB = P 3 t K )  
P V I 4 1  = P V ( 6 1  + X ( K + l I + ( P V t 9 1  - P V ( 6 ) )  
P V ( 5 1  = P V ( 7 )  + X ( K + l I * ( P V ( l O l  - P V t 7 ) l  
P V ( 1 I  = C*COSB+(PV(4)  + Y P * P V ( 5 1 ]  
P v ( 2 1  = C+COSB+(’P+PV(41 - P V I 5 1 1  
P V 1 3 1  = C * ( P V ( 8 )  + X I K + l ) + ( P V ( l l I  - P V I 8 ) ) l  
DO 200 L = l r l O  
DO 700 M 1.3 
200 P R I L I  = P R t L I  + P H ( K . L I M ~ * P V ( Y I  
c TRANSFORM ELEMENT LOAD VECTOR TO GLOBAL C O - O R D I N A T E S ‘  
READ ( 1 1  ( ( T ~ ~ ~ L ) ~ L = l ~ l O ) ~ M = 1 . 1 0 )  
DO 300 K = 1.10 
P t K )  = Om0 
DO 300 L = 1.10 
I J  = 5+1E - 5 
C: = 2mO*PI*R( I E I  
I ~ ( R ( I E l . E G m O . 0 )  C 1  = 1.3 
CZ = Z.O+PI*R( I E + 1 I  
DO 325 K = 1.4 
3 0 0  P ( K 1  P ( K )  + T ( L . K ) * P R ( L l  
IK = I J  + K 
C L I I K )  = C L I I K )  + P ( K l / C l  
I K  = I K  + 5 
C L I I J + S )  = C L ( I J + S l  + P ( 9 l / C 1  
C L ( : J + l O )  = C L ( I J + l O )  + P 1 1 3 ) / C 2  
325 C L ( I K 1  = C L ( I K 1  + P ( K + 4 ) / C 2  
C CONDENSE LOAD VECTOR TO 8 x 1  
DO 400 K = 192 
I J  = 10 - K 
JK = IJ + 1 
I K  = J K  - 8 
30 3 5 0  L = l r I J  
3 5 0  P ( L 1  = P ( L )  - S T ( I E ~ L ~ I K l * P ( J K l  
400 P 1 J K l  = P ( J K ~ / S T ( I E . J K I I K I  
C ASSEMBLE CONDENSED AND REDUCED LOADS 
IJ = 4 + r E  - 4 
DO 45@ K = 1.8 
J K  = I J  + K 
I K  = 2 + 1 E  - 2 
R C ( I K + l I  = P I 9 1  
R C I I K  + 2 1  = P ( 1 0 )  
450 R L t J K I  = R L ( J l r 1  + P t K )  
500 IT = I E  + 1 
P R I N T  2 0 0 5 9  l J ~ C L ~ 5 + J - 4 l ~ C L l 5 * J - 3 l ~ C L ~ 5 * J - 2 l ~ C L ~ 5 + J - l l r ~ L ~ 5 * J l *  
1 J = 1 9 N N )  
P R I N T  2 0 0 3  
DO 700 J = l r N L N  
READ 100Zr Y r ( P ( K ) r K = l r 3 1  
P R I N T  2 0 0 4 r N r I P ( K l r K = 1 * 3 1  
600 IFrNLN.EO.0) GO TO 800 
C READ AND ASSEMBLE CONCENTRATED NODAL LOADS 
I F  ( R t  N )  oEQoOoO 1 P R I M T  2900 
RL(4,N-3) = 2 . O * P I + P ( l ) + R ( N )  + R L f 4 * N - 3 )  
R L ( 4 * N - 2 )  = 2 o O * P I + P ( Z ) * R ( N )  + R L ( 4 * N - 2 )  
700 R L ( 4 + N - l )  = 2 o O + P I * P ( 3 ) * R f N !  + R L ( 4 * N - 1 1  
C M O D I F Y  LOAD VECTOR FOR K I N E M A T I C  C O N S T R A I N T S  
800 CONTINUE 
00 900 J = 1 r N R D  
K = I B C ( J )  
900 R L ( K )  = 0-0 
I F f R ( l ) - E Q o O o O )  R C ( 1 )  = 000 
RETURN 
1000 F O R M A T ( 2 I l O r L 1 0 )  
1001 F O R M A T ( I l O r 6 F l O o O )  
1002 F O R M A T ( I ~ O S ~ F ~ O O O )  
2000 F O R M A T ( 2 O H l L O A D I N G  CASE NUMBER 9151 
1 S X r l 8 H N U M B E R  OF ELEMENTS r I 10 /  
2 5Xr25HNUMBER OF LOADED ELFMENTS ,131  
3 SXr22HNUMPER OF LOADED NODES r I 5 /  
4 5 X r 2 9 H S A Y E  L O A D I N G  ON A L L  ELEMENTS rL31)  
1) / 
2 8H E L E M E N T ~ ~ X ~ ~ ~ H M E R I D I O N A L I  P S ( I I r T X r 1 3 H R A D I A L r  P Z ( I ) w 7 X .  
3 13HMOMENTr M S ( I ) ~ ~ X ~ ~ ~ H M E R I D I O N A L I  P S I J ) r ’ X r 1 3 H R A O I A L r  P Z ( J ) r 7 X r  
4 13HMOMENTw M S ( J )  1 
4 13HMOMENTr M S f J )  ) 
2 0 0 1  F O R M A T ( 5 7 H O D I S T R I B U T E D  LOAD O R C I N A T E S  AT NODES OF ELEMENTS ( I N  P S I  
2002 F O R M A T ( I B r 6 F 2 0 . 5 )  
2003 FORMAT(56HOCONCENTRATED L O A D S  AT NODES ( P E R  U N I T  OF CIRCIJWFERENCE) 
~ / ~ X ~ ~ H N O D E ~ ~ X I ~ ~ H M E R I D I O N A L ~  P S * l O X r l O H R A D I A L r  P i r l O X r  
2 10HHOMENTr MS 1 
2004 F O R M A T ( 1 8 r 3 F 2 0 . 5 )  
2 0 0 5  F O R M A T ( / / 5 4 H O C O N S I S T E N T  L O A D  VECTOR ( L O A D S  PER UNIT CIRCUMFEdENCE)  
l / l O X r 4 H N O D E r 1 6 X ~ 4 H P ~ S ~ r l 6 X r 4 H P ~ Z ~ r 1 6 X . 4 H M l S ~ r l 4 X r 6 H ~ ~ G A ~ l ~ 1 l 3 X r  
2 7HMtGAMF)  / /  ( I 1 4 r S E 2 0 . 8 )  1 
2900 FORMAT(77HOLOADING ON P R E V I O U S  NODE IGNORED (THEORY DOES NOT ACCOY 






SlJBROUT I NE SOLVE ( I 1 
THIS SUBROUTINE SOLVES FOR THE NODAL DISPLACEMENTS,  RECOVERS THE 
CONDENSED D I S P L A C E M E N T C r  P R I N T S  THE ELEMENT DISPLACEMENTS AND 
CALCULATES AN@ P R I N T S  THE NODAL STRESS RESULTANTS. 
SHEAR S T R A I N  AND CURVATURE YOPELS VARY L I N E A R L Y  ALONG C M R C  LENGTH 
REAL NUFrNUC 
COMMON /PROPS/ HrDrHFrHCrEFrNUFrGFrECrNIJCrGCrPFrl’FrRCrI\C 
COMMON / / N N ~ N E ~ N L C ~ N D O F I N B C I N R D I N L E I N L N I P I  
COMMON /ARRAY/ S ( 4 0 0 r 8 ) r S T f 9 9 r l O r 2 ~ r I B C ( S O ~ r R L ( 4 ~ ~ ~ ~ R C I ~ C ~ ~ r U ~ ~ ~ O ~  
COYMON /ELGEOM/ R ( 1 0 0 ) r Z ( 1 0 0 1 r  E L  r SPS I rCPS I I 
COMMON / S T M A T S 1  S E L ~ 1 0 r 1 0 ~ r R ~ 1 2 ~ 1 C ~ r C B ~ l 2 r ~ , ~ ~ ~ T ~ l O r l ~ ~  
DIMEN-CION SRI(ZllrSRJ(2l)rASR(lCOr21) 
1 T B I r T B J r C B I r ~ R J r S B I r S U J I A l r A Z I A 3 r A 4  
22 3 
E Q U I V A L E N C E  ( S R I ( l ) r S E L ( l ) ) r  ( S R J ( l ) * S E L ( 3 1 ) )  
C A L L  B A N S O L ( ~ I R L I S I ~ O ~ I B I N D O F I E )  
DO 300 J = l r N E  
I J  = 1O*J - 10 
1L = 4*J - 4 
DO 130 K = 118 
I K  = IL + K 
JK = IJ + K 
100 O ( J K )  = R L ( I K )  
C SOLVE FOR NODAL D I S P L A C E M E Y T S  
. P R I N T  20001 I 
C RECOVER CONDENSED D I S P L A C E M E N T S  
I L  = Z * J  - 2 
DO 230 K = 112 
J K = K + 8  
I K  = J K  - 1 
I 1  = I J  + J K  
M = I L + K  
~ ( 1 1 )  = R C ( M )  
M = I J + L  
DO 200 L = l 1 1 K  
200 U ( I 1 )  = UIII) - S T s J r L s . < ) * U ( M )  
C COMPUTE A D D I T I O N A L  D I S P L A C E M E N T S  OF I N T E R E S T  AND P R I N T  
GAMCI = U ( I J + 4 )  + U ( I J + 9 )  
GAMCJ = U I I J + 8 )  + U I I C + l O )  
C H I S I  = (HC*GAMCI + H F * U I I J + 9 ) ) / D  
C H I S J  = (HC*GAMCJ + H F * U I I J + l O ) ) / D  
C H I 1  = U ( I J + 3 )  + C H I S I  
C H I J  = U ( I J + 7 )  + C H I S J  
300 P R I N T  20011 J I R ( J ~ I Z I J ) I  
1 U ( I J + ~ ) I U ( I J + ~ ) I C H I I I U ~ I J + ~ ) I  C H I S I I U ( I J + ~ ) I G A M C I I U ( I J + ~ ) ~  
2 U(IJ+~)IU(IJ+~).CHIJIU(IJ+~). CH!SJtU(IJ+E)rG~~CJ,U(lJ+lO) 
P R I N T  2 0 0 2 1  R ( N N ) r Z ( Y N )  
P R I N T  20031 1 
DO 350 J = l r N N  
DO 350 K = 1120 
REWIND 2 
DO 5 0 0  J = l r N E  
C A L L  R E S U L T S (  J 1 
C COMPUTE STRESS RESULTANTS AT %ODES 
3 5 0  A S R ~ J I K )  = 0.0 
S R l f 2 1 )  = S R J ( 2 1 )  = l e O E + 1 0  
IF(ABS(SRI(B)).GE.l.OE-16) S R I ( 2 1 )  = S R I ( 3 ) / S R I ( 3 )  
I F ( A B S ( S R J ( 8 )  )*GE.l.OE-16) S R J ( 2 1 )  = S R J ( 3 ) / S R J ( B )  
c1 = 0.5 
CZ 0.5 
I F ( J o E 9 . 1 )  C 1  0 1.0 
IF(J.EQ.NE) C 2  = 1.0 
DO 400 K = 1120 
A S R ( J I K )  = A S R ( J I K )  + C l * S 2 I I K )  
4 Q O  A S R ( J + l r K )  = A S R t J + l r K )  + C 2 * S R J ( K )  
5~ PRINT 2 0 0 4 ~  J * R ( J I , Z ( J I ~  
1 ( S i ? I ( K ) r K = 6 r l O ) r  ( S R I ( K ) r K = l r S ) r  ( S R I ( K ) * K = l l r 2 1 ) *  
2 J I R ( J + l ) r Z ( J + l ) r  
3 ( S R J ( K ) t K = 6 r l O ) r  ( S R J ( K ) r K = l r S ) r  ( S R J ( K ) r K = l l r 2 1 )  
22h 
P R I N T  2 0 0 5 r  I 
IF (NLN.GT*O)  P R I N T  2 0 0 8  
P R I N T  2007 
DO 600 J = l r N N  
A s R ( J 1 2 1 1  = l .OE+lO 
I F I A B S ( A S R ( J I ~ ) ) O G E ~ ~ . O E - ~ ~ )  A S R ( J r 2 1 )  = A S R ( J I S ) / A S R ( J I B )  
600 P R I N T  2 0 0 6 r  J * R ( J l r Z I J ) r  
1 ( A S R ( J r K ) r K = 6 r l O ) r  ( A S R ( J r K ) s K = l r S ) r  ( A S R ( J r K l r K = l l r 2 1 1  
RETURN 
2 0 0 0  F O R M A T ( 3 8 H l N O D A L  D I S P L A C E M E N T S  FOR L O A D I N G  CASE *13/ 
1 5H N O D E r 2 X * 1 3 H M E R I D I O N A L r  U r 6 X r 9 H R A D I A L s  W r 2 X r 1 3 H R O T A T I O N r  CHI* 
2 ~ X ~ ~ H C H I ( B ) ~ ~ X I ~ H C H I ( S ) ~ ~ X ~ ~ ~ H W A R P I N G ~  G A M I ~ X ~ B H G A M M A ( C ) * ~ X I  
3 8 H G A M M A ( F ) / )  
1 4 X s l H I 1 8 E 1 5 . 7 /  
2 4 X r l H J r 8 E 1 5 . 7 / )  
2001 F O R M A T ( 8 H  E L E M E N T ~ I ~ , ~ ~ X I ~ H ( R I Z )  = * F9*4 r lH* rF9 .4  / 
2 0 0 2  F O R M A T ( 5 0 X r 7 H ( R r Z )  = rF9 .4 r lH r rF9*4  ) 
2003 F O R M A T ( 5 6 H I S T R E S S  R E S I I L T A N T S  AT ENDS OF E L E Y E N T S  FOR L O A D I N G  CASE 
9 r I 3 /  
1 7 H  LAY~Rr16Xr4HN(S)rlZXIBHN(THETA~~l6Xr4HQ(S~r~6Xr4HM~S~rl2Xr 
2 B H M ( T H E T A ) r 7 X * 1 3 H C ( S r C ) / ~ ( S t F ) )  
1 7H TOPw5F20.8/  
2 7H CORErSFZO.8/ 
3 7H BOTTOMr5F20.8 /  
4 7H T O T A L r 5 F Z O . 8 r F 2 9 * 5 /  
5 8H E L E M E N T r I 3 r 8 H r  NODE J r 3 1 X r 7 H ( R , Z )  = 9 F 9 . 4 r l H r * F 9 * 4  / 
6 7H T O P r 5 F 2 0 . 8 /  
7 7H COREr5F20.8 /  
8 7H BOTTOMr5F20.8 /  
9 7H T O T A L s 5 F Z O . 8 r F 2 0 * 5 / 1  
2004 F O R M A T ( 8 H  E L E M E N T r I 3 , 8 H r  NODE I r 3 1 X * 7 H ( R r Z )  = r F 9 * 4 r l H r r F 9 . 4  / 
2 0 0 5  F O R M A T ( 5 2 H l A V E R A G E  STRESS RESULTANTS AT NODES FOR LOAL’IkG CASE 9 
9 I3/ 1 
2 0 0 6  F O R M A T ( 5 H  N O D E r I 4 r 4 1 X r 7 H ( R r Z )  =rF9.4.1H*rF9.4/ 
1‘ 7H T O P r S F 2 0 . 8 /  
2 7H CORE*5F20.8 /  
3 7 H  B O T T O M r 5 F Z O o 8 /  
4 7H TOTALr5FZO.8rF20.5 /  ) 
1 7 H  L A Y E R I ~ ~ X ~ ~ H N ( S ) ~ ~ ~ X ~ ~ H N ( T H E T A ~ ~ ~ ~ X ~ ~ H Q ( S ) ~ ~ ~ X ~ ~ H M ( S ) ~ ~ ~ X ~  
2 ~ H M ( T H E T A ) ~ ~ X I ~ ~ H Q ( S I C ) / Q ( S ~ F ) )  
2 0 0 8  F O R M A T ( 5 X * 1 1 7 H N O T E o .  AT NODES WHERE CONCENTRATEC TRANFVERCE LOADS 
1 OCCUR9 ELEMENT SHEAR-STRESS QESlJLTANTS ARE MOPE ACCURATE THAN I 
2 0 0 7  FORMAT( 
2 1 3 X * 3 6 H A V E R A G E  SHEAR-STRESS RESULTANTS / )  
END 
SlJBROUTINE R E S U L T S ( J 1  
C THIS SUBROUTINE EVALUATES THE NODAL STRESS RESULTAlvTS FOR ELE- 
C MENT J 
C SHEAR S T R A I N  AND CURVATURE MODELS VARY L I N E A R L Y  ALONG CHORD LENGTH 
225 
R E A L  NUFINUC 
COMMON /ARRAY/  S ~ ~ 3 0 ~ 8 ~ r S T ~ 9 9 r i O r 2 ~ , I B C ~ 5 O ~ r R L ~ 4 O O ~ ~ R C ~ 2 ~ ~ ~ r ~ ~ 9 9 O ~  
COMMON /STMATS/  S E ~ ~ 1 0 ~ 1 0 ~ ~ 8 ~ 1 2 r 1 3 ~ r D ~ ~ 1 2 ~ 1 ~ ~ ~ 1 ~ 1 0 ~ 1 0 ~  
D I M E N S I O N  S R I ( Z l ) r S R J ( Z l )  
E Q U I V A L E N C E  ( S R I ( l ) r S E L ( l )  ) s  ( S R J ( l ) r S E L ( 3 1 ) )  
I J  = 1O*J - 10 
READ ( 2 )  ( ( B ( K * L ) r L = l r l O ) r K = l r l Z )  
R E A D ( 2 )  ((DB(KrLlrL=l,lO)rK=1~12) 
DO 100 L = 1 9 1 2  
S R I t L )  = S R J ( L )  = 0.0 
CO 100 K = 1.10 
S R I ( L )  = S R I ( L )  + B ( L . K ) * U t I K )  
DO 1 5 0  L = ' 3 . 1 5  
SRI(L) = S R I ( C - 5 1  
1 5 0  S R J ' L )  = S R J ( L - 5 )  
COMMON /PROPS/  H r D ~ H F r H C r E F r N U F r G F r E C ~ N l J C ~ G C r B F r P F ~ B C r ; * C  
C COMPUTE NODAL STRESS R E S U L T A N T S  I N  THE L A Y E R S  
I K  = I J  + K 
100 S R J ( L )  = S R J ( L ) , +  D P ( L e K ) * U ( I K )  
C COMPUTE THE TOTAL NODAL STRESS RESULTANTS 
DO 200 L = 16.20 
S R I ( L )  = S R J ( L )  = 0.0 
DO 200 K = 1 * 1 1 * 5  
I K  = K + L - 16 
S R I ( L )  = S R I ( L )  + S R I ( I K )  
2 0 0  S R J ( L )  = S R J ( L )  + S R J ( I K )  
S R I ( 1 9 )  = S R I ( I 9 I  + O . 5 * D * f S R I ( l l I  - S R I ( 6 ) )  
S R I ( 2 0 )  = S R I ( 2 C ) )  + 0 . 5 * D * ( S R 1 ( 1 2 )  - S R I ( 7 ) )  
S R J ( 1 9 )  = S R J ( 1 9 )  + O . 5 * D * ( S R J ( 1 1 )  - S R J ( 6 ) )  
S R J ( 2 O )  = S R J ( 2 O )  + 0 . 5 * D * ( S R J ( 1 2 )  - S R J ( 7 ) )  
RETURN 
END 
SUBROUTINE B A N S O L ( K K K 9  B *  A *  NDI MDI N N *  HM) 
C SYMMETRIC BAND M A T R I X  E Q U A T I O N  SOLVER 
C 
C KKK = 1 T R I A N G U L 4 R I Z E S  A 
C KKK = 2 SOLVES FOR VECTOR 6. S O L U T I O N  VECTOR RETURNS I N  B 
C 
C PROGRAMMED BY C .  A. F E L I P P A .  
C 
----- 
D I M E N S I O N  B ( l ) r  A ( N D + M D )  
NRS = NN - 1 
I F  ( K K K - 1 )  100110Qr200 
M z N - 1  
MR = M I N g ( M M r N R - M )  
P I V O T  = A ( N r 1 )  
DO 1 2 0  L = 2 r M R  
NR = NN 
100 DO 1 2 0  N = l r N R S  
276 
C = A ( N * L ) / P I V O T  
I = M + L  
J = O  
DO 110 K = LIMR 
J = J + l  
110 A t I r J )  A ( I * J )  - C*A(NsK)  
120 A ( N r L 1  C 
200 DO 220 N = 1rNRS 
GO TO 400 
Y = N - 1  
MR = MINO(MMrNR-M) 
B ( N )  = C / A ( N r l )  
DO 220 1 = 2rMR 
I = M + L  
C = B ( N )  
2 2 0  B ( I t  = B ( I )  - A(N,L)+C 
B(NP1 = B ( Y R ) / A ( N R * l )  
DO 3 2 0  I = 1rNRS 
N = N R - I  
M = N - 1  
MR = MINO(MM*NR-M) 
DO 320 K = 2sMR 
* 3 2 0  B(N) = B I N )  - A ( N * K ) * S ( L )  
L = M + K  
400 RETURN 
END 
A P P E N D I X  E. COMPUTER PROGRAM FOR FREE V I B R A T I O N  A N A L Y S I S  OF E L A S T I C  A X I S Y C -  















PROGRAM A X S S F V Q ( I Y P U T I O U T P U T . ~ A P E ~ ~ ~ N P U T , ~ A P E ~ = O ~ J T P U T )  
FREE A X I S Y M M E T R I C  V I B R A T I O N  A N A L Y S I S  OF T H I N  R O T A T I O N A L  SANDWICH 
S H E L L  W I T H  CONSTANT T H I C K N E S S  AND T W I C E  CONTINUOUS M F R I D I A N .  
M A T E R I A L  P R O P E R T I E S  MAY NOT VARY I N  THE M E R I D I O N A L  D I R E C T I O N  FOd 
THE PRESENT PROGRAM, ALTHOUGH M O D I F I C A T I O N  FOR THIS C A P A B I L I T Y  
YAY BE R E X I L Y  ACHIEVED. NO R E S T R I C T I O N  ON R A T I O S  OF LAYER T H I C K -  
NESSFS OR L A Y E R  PQOPFPTIES.  NODES ARE NUMBERED C O N S E C U T i V E L Y  
ALONG THE ' 4 E R I D I A V  AQD I F  A NODE IS LOCATED OR THE A X I S  OF SYM- 
SUCH THAT THE ELEYENT NVVBER IS THE SAME A S  THE S Y A L L E R  PDJACENT 
METRY NUMBERING MUST R E G I N  AT T H I S  NODE. F L E V E N T Z  ARE NUMRERED 
YODE NUMBER. 
STORAGE FOR 35 NODES ( A N D  THUS F 3 R  34 ELEMENTS) .  
SHEAR S T R A I N  AN@ CURVbTURE MODELS VARY Q U A D R A T I C A L L Y  PNC L!NEARLY 
ALONG THE CHORD LENGTH* RESPECTIVELY.  
C 
C * + * * i + * + t 4 * + * t * + + + + * * * * * * * ~ * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * ~ * * * *  

































1 CARD.. I10 NUMRER C)F S H E L L S  TO &E ANALYZED 
THEN, FOR EACH SHELL, A L L  OF THE FOLLOWING.. 
1 CARD.. COLS. 2-72 T I T L E  
1 CARD.. 3110.L10 
NUMBER OF N@DES* NN 
NUMBER OF MODE SHAPES, NMS 
NUMBER OF NODES W I T H  R E S T R A I N T S ,  N 8 C  
ROTATORY I N E R T I A  I N D E X  ( 1  I F  LUMPED ROTATORY I N E R T I A  
IQCLUDEDI F OTHERWISE)  
1 CARD.. 6FlO.G 
T H I C K N E S S  OF 1 F A C I N G  ( I N . )  
YOUNGS YC)DULUS OF FAC!NGS (251)  
P O I S S O N  R A T I O  OF F A C I N G S  
SHEAR MODULUS OF F A C I N G S  ( P S I )  
SHEAR STRESS CORRECTION FACTOR FOR F A C I N G  
DENSITY OF FACINGS (LB./I::.**~) 
1 CARD.. 6F10.0 
T H I C K N F S S  OF CORE ( I N . )  
Y O l l W S  U.,7DUL!J5 CF CORE ( P S I  1 
P O I S 5 0 V  R A T I O  OF CORE 
SHEAR MODULUS O F  CORE ( P S I  
SHEAR S T 3 E S S  CORRECTION FACTOR FOR CORE 
D E N S I T Y  OF CORE (LB./ IN.*+3) 
(NOTE.. W E A R I N G  :4AY BE NEGLECTED, SY S E T T I N G  G T 3  9994999999) 














R r  ABSCISSA OF NODE 
Zr ORDINATE OF NODE 
P H I  r LATITUDE ANGLE 
NN-1 CARDS.. 2FlO.O 
CLJRVATURE AT NODE 1 
CURVATURE AT NODE J 
NBC CARDS.. 5 1 1 0  
NODE NUHRER 
( I N .  1 
( IN.) 
OF NODE (DECREES) 
OF ELEMENT ( l / I N . )  
OF ELEMENT (1/1N.) 
C TANGENTIAL DISPLACEMFPJT INDEX (OSFREEr l=CONSTRAINED) 
C RADIAL  DISPLACEMENT -.*DEX ( D I T T O  ) 
C BENDING ROTATION INDEX ( D I T T O  
C SHEAR w44PING INDFX ( D I T T O  
C 
LOGICAL L R I  
CGYMON / / NN~NErNHSrNDOF.NBC.NLM~LRI rp1  
P I  = 3 .14159265358979  
READ l O O C r  NSHELLS 
DO 100 N = 1.YSHELLS 
C 4 L L  SETUP 
CALL BCS 
CALL E I C E N  




1000 F O R M 4 T ( I 1 0 )  
SUBROUTINE SETUP 
r 
L T H I S  SUeROUTlNE READS THE GEOMETRICAL AND MATERIAL PROPERTIES OF 
c AC YASS MATRIX9 69TH t l N M O D I F I E O  FOR ROUNDARY CONDITIONS. 
C THE SHELL 4ND SETS UP THE OVERALL STIFFNESS M b T R I X  ANI, THE DIAGON- 
C SHEAR STRAIN AND CURV4TURE MODELS VAdY QUADRATICALLY AND L lNEARLY 
C ALONS CHORD LENGTH9 RFSPECTIVELY. 
REAL NLJF U U C r  KFr KC 
COMMON / / N N ~ N E ~ N ~ S ~ N D O F ~ N B C I N L M * L R I  * P I  
COMMON /ARRAY/ 
COMMON /PROPS/ H r C ~ H F ~ M C ~ E F r U U F r C F ~ E C ~ N U C ~ ~ C r E ~ r ~ ~ r ~ C ~ ~ C  
COMMON 
CCYKON /ELGEOM/  E L r S P S I r C P ~ I r T B I r T B J r C B ~ r C B J r ~ B I r S B J I A l r ~ 2 ~ ~ 3 r A 4  
CCYMCN /NODCEO/ R (  35) r Z ( 3 5 1  
CGWbIDN /S;.,IAT S /  
DI,'4EY;ICJN C P H 1 ~ 3 5 ) , S P H I ( 3 5 ) r K ( l O ~ ~ Y ( l ~ ~ * ~ M ~ l ~ ~ ~ A ~ ( 3 5 ~ r P H I ~ 3 ~ ~  
EGUIVALENCE ( C P H I ( 1 ) r P l l ) ) r  ( S P H I ( l ) r A ( l O l ) ) r  ( P H I ( l ) r A ( Z O l ) ) r  
CATA X / 0 . 0 1 7 0 4 6 7 3 5 7 4 1 4 1 4 r  O e 0 6 7 4 6 8 3 1 6 6 5 5 5 0 7 r  
LOGICAL L R I  
1 V ( i o 5  r l C  5 ) r I V (  1 0 5  1 r G I J M (  1 4 0 )  
/XGEOY/  YPr YPP r R X  r COSBr YBAR r X (  10 1 
SEL ( 1 2  r 12 ) .B I 1 2  r 1 2  ) r OB t 12  9 1 2  ) r T  ( 1 2  r 1 2  1 
1 ( A N (  1 )  * A (  3 0 1  1 I 
1 7 . 1 6 7 2 3 5 2 i s a 5 0 4 8 8 ~  n . 2 8 3 3 P 2 3 0 2 9 3 ~ 3 7 6 ~  0.425562830509184.  
229 
2 Om574437169490816r Om716697697064624r Om839704784149512r 
3 OoF32531683344493r Om986953264258586 / 
D A T A  k' / Om066671344308688* Om149451349150581r 
1 Om2'9086~62515982r  Om269266719309996r Om295524224714753r 
2 0 0 2 9 5 5 2 4 2 2 4 7 1 4 7 5 3 ~  Om269266719309996~ 0m219086362515982r 
3 0 .1~9451349150581r  Om066671344308688 / 
D A T A  Y / 0m023455038515334r Om1153826724735799 
1 0.25r 00384617327526421r  0.4765449614846669 Om523455038515334r 
2 0.615382672473579r 0.759 0 0 8 8 4 6 1 7 3 2 7 5 2 6 4 2 1 ~  0.976544961484666 / 
DATA UM / 0.236926885056189* Om478628670499366r 
1 OmSbP888888888889r Om478628670499366r 00236926885056189r  
2 3.236926885056189, Om478628670499366* Om5688UA888888889r 
3 00478628670499366r  Om236926885056189 / 
WRITE ( 2 r z c 0 n )  
READ (Ir1900) 
WRITE ( 2 9 1 0 0 0 )  
READ ( l r 1 0 0 1 )  NNrNMSeNBCrLRI 
READ ( l r l O O 2 l  HF rEFrNIJF*GF*KFrRHOF 
READ HC r EC r NIJC r GC r KC r RHOC 
WR I T t  ( 2 r Z O O 1  NNrNMS r NaC r HF HC r EFr NUF rGF *KF, RHOFI ECr NrJC r G C  r K C  r 
IF(NNmGT. 3 5 )  GO TO 9 0 0  
IF(GFmGEo9999999998mO) GF = 10OE+20 
IFfGCmGEo9999999998m6) GC = 1mOE+20 
H = HC + 2mO*HF 
0 = HC + HF 
YE = Nh - 1 
N30F = 4*NN 
NLM = 2*NN 
I F f L R I )  NLM = 3*NN 
( 1 s 1002 1 
1 ?HOC* L R I  
EF = EF/ ( lmO - NUF*NUF) 
EC = EC/(lmO - NUC*NUC) 
BF = ' E F + t l F  
BC = EC*HC 
GF = GF*HF*KF 
GC = GC*HC+KC 
OF = RF*HF+HF/12.0 
DC = BC*HC*HC/IZ.fI 
SHO = (HC*RHOC + 2mO*HF*QHOF)/386m088 
AYOM = (RH3C*HC**3 + RHOF*(H**3 - HC**31)/(12m0*386a0881 
DO 130 I = lrNDOF 
X ' 1 (  I )  = 0.0 
D2 100 J = 198 
100 S(IrJ) = 9.0 
JK = 0 
WRITE ( 2 1 2 0 0 2 )  
DR = 180oO/PI 
DO 110 I = l r N N  
A N ( I )  = O m 0  
READ ( l r 1 0 0 3 )  I r R ( I ) r Z ( I ) r P H I ( I )  
WRITE ( 2 9 2 0 0 3 )  I rR( I )  rZ( 1 1  rPHl( I I 
P t - i I ( 1 )  = P H I ( I ) / D R  
SPHI(1) = S I N ( P H I ( 1 ) t  
110 CPHI(1) = C O S ( P H I ( 1 ) )  
W R l T E  ( 2 1 2 0 0 4 )  
230 
03 500 I = l r N E  
DR = R ( I + l )  - R I I )  
DZ Z l 1 + 1 )  - Z ( I )  
EL = SQRTIOR*DR + DZ*DZ) 
SPSI  = DR/EL 
CPSI  = DZ/EL 
SBI = C P H I l I I * C P S I  - S P H l ( I ) * S P S I  
C B I  = S P H I l I ) * C P S I  + C P H I t I ) * S P S I  
T B I  = SBI/CBI 
SRJ C P H I ( I + l ) * C P S l  - S F i l I l I + l ) * S P S I  
CBJ = S P H I l I + l ) * C P S I  + C P H I ( I + l ) * S P S I  
T R J  = SBJ/CBJ 
READ 1111004)  CURVIICORVJ 
WRITE 1 2 9 2 0 0 5 )  I I C U R V T * C U R V J r E L r S P S I * C P S l ~ T ~ I r T ~ J  
YPPI = -EL*CiJRVI/CB1**3 
YPPJ = -EL*CIJRVJ/CBJ**3 
A 1  = T B I  
A2 = T B I  + 0 * 5 * Y P P I  
A3 = - ( 5 * b * T B I  + 4 * 0 * T B J )  + O*5*YPPJ - YPPI 
44 = 3 * O * l T B I  + T Q J )  + 0 * 5 * ( Y P P I  - YPPJ) 
DC 1 5 0  J = 1 9 1 2  
DO 1 5 0  K = 1 9 1 2  
150 S E L ( J s K )  = 0.0 
C COMPUTE ELEMENT TRANSFORYATION M A T R I X  ( A * + - l ) + T  
C A L L  T M A T I  I) 
DO 4 0 0  J = 1910 
YSAR = 11.0 - X I J ) ) * ( A l  + X ( J ) * l A 2  + X ( J ) * ( A 3  + X l J ) * A 4 ) ) )  
YP = A l * i l e O  - 2 . ' ) *X (J ) )+  X I J ) * ( A 2 * 1 2 ~ 0  - 3.O*X(J))  + X I J ) * l A 3 *  
1 I300 - 4 o O f X I J ) )  + A 4 * X ( J ) * 1 4 e O  - 5 * O * X ( J ) ) ) )  
YPP = 2.0*1-A1 + A 2 * ( 1 * 0  - 3 * n * X ( J ) I ) +  X I J ) * ( A 3 * 1 6 * 0  - 1 2 0 q * X I J ) )  
1 + A4*XIJ1*112.0 - 2 0 . O * X I J ) ) )  
COSE! = l . O / ( S Q R T I l * O  + YP*'?P)) 
R X  = R I I )  + X l J ) * E L * l S P S I  + YBAR*CPSI) 
c EVALUATE 9 ( r )  A T  INTFGRATION POINTS 
C A L L  B M A T ( 1 r J )  
C = PI*€'.*RX*W(J! /COSB 
C A L L  SELA(C)  
c ACD CONTRIBUTiON T(3 ELEMENT STIFFNESS INTEGRATION 
YBAR 11.0 - Y I J ) ) * l A l  + Y l J ) * ( A 2  + Y ( J I b ( A 3  + Y l J ) * A 4 ) ) l  
V D  = A l * l l * O  - 2 * 0 * Y ( J ) ) +  Y ( J ) * I A 2 * 1 2 * C  - 3 o O * Y l J ) )  + Y l J ) * l A 3 *  
1 (3.0 4 * O * Y ( J ) )  + A 4 * Y ( J ) * l 4 * 0  - 5 * O * Y ( J ) ) ) )  
R X  = R I I )  + Y ( J ) * E L * l S P S I  + YBAR*CDSI) 
COSB = l * C / f S Q R T ( l * O  + YP*YP))  
C = P I * E L * ~ X * d M l  J ) /COSB/2eO 
I F (  JeGT.5) GO 7 3  200 
A V I I )  = A N I 1 1  + C 
GO TO 4 0 0  
200 A N I I + l )  = A N I I + l )  + C 
4 0 0  CONTINUE 
C T?ANSFORY 1 2 x 1 2  ELEMEWT ST!FFNESS TO GLOBAL CO-ORDINATES AND CON- 
C DENSE T 3  8 x 3  
C A L L  S E L R ( 1 )  
C STORE MULTIPLIERS AWD PIVOTS 
DO 4 2 3  J = 1 9 4  
I J = J + 8  
231 
DO 4 2 0  K = 1 9 1 2  
4 2 0  S T ( I r K 9 J )  = S E L ( 1 J r K )  
C ADD 8 x 8  ELEMENT STIFFNESS TO OVERALL STIFFNESS 
DO 450 J = 1.8 
I J  = JK + J 
DO 4 5 0  K = J 9 8  
I K = K - J + l  
4 5 0  S ( 1 J r I K )  = S ( I J r I K )  + S E L ( J 9 K )  
500 JK = JK  + 4 
c C3NSTRUCT DIAGONAL MASS MATRIX 
DO 6 0 0  I 5 l r N N  
IJ = 4+I - 3 
' X M ( I J )  = X V ( I J + l )  = SORT(RHO+AN(I ) )  
I F ( * N O T * L R I )  GO TO 600 
X M ( I J + 2 I  = SQRT(AYOM+AN(I ) )  
?ETURN 
:TOO 
1 0 0 0  F ~ R , - I ~ T  ( 7 2 H  
1 0 0 1  FORM4T(31101L10)  
1002  FORMAT ( 6F10.0 ) 
1003  F O R M A T ( I l O ~ 3 F l O o O )  
6 0 0  CONTINUE 
900 dRITE ( 2 1 2 9 0 0 )  
1 
1 0 0 4  FORMA 1 (2F10.0 1 
2 0 0 0  FORMAT( lH1)  
2001 FORMAT(lOXr28HNUMRER OF NODES 
1 10XrZBHNUMBER OF MODE SHAPES 
2 10XrZBHNUMBER OF RESTRAINED NODES 
3 l O X r l 6 Y F A C E  THICKNESS = r F 1 0 * 6 /  
4 lOXr l6HCORE THICKNESS = r F 1 0 * 6 / /  
5 10XrSHFACE E = r F 1 3 0 1 /  
6 10Xr9HFACE: NU = r F 1 2 * 5 /  
7 10Xt8HFACE G = r : ' 1301 /  
6 1OXrlOHFACE KAP = rF11 .5 /  
7 1OXrlOHFACE RHO = r F l l * 6 / /  
8 10XrBHCORE E =rF13.1/ 
9 10Xr9HCORE NU =rF12.5/  
1 10XrBHCCRE G = r F 1 3 * 1 /  
2 1OXrlnHCORE KAP = t F l l m 5 /  
3 10X*?OHCORE RHO = r F 1 1 . 6 / /  
4 44H ROTATORY INERTIA  INCLUDED (1  = YES*  F = NO) r L 5  / /  
5 45H ALL QJ4NTIT IFS  I N  INCHES9 POUNDS AND SECONDS / I  
9 2X r4HNODE 97x1 l l H A B S C  I SSA 9 R ~ 8 X r 1 2 t I  ORDINATE 9 t r 6 X  r 
1 14HLAT: TlJDE ANGLE/ 
2 ~ ~ X ~ ~ H ( I N O ) * ~ ~ X ~ ~ H ( ~ N . ) ~ ~ ~ X I B H ( O E C R E E ) / )  
23!?2 FORMAT(/ / l lHONODAL DATA / 
2 ? q 3  FORM4T( :4 *3F29*8 )  
2 0 0 4  FORMAT(/lBHOELEMENT CJEOMETRY / 
1 BH EL€MENTrlOXr7HCURVII~rlOX~7HCURV(J)r5Xrl2HCHORl? iENGTH9 lOX*  
2 7 H 5 I N  P S I  r lOXr7HCOS P S I r 6 X * l l H T A N  BETA( I )  r 6 X r l l h T A N  BETA( J)! 
3 ~ B X ~ ~ H ~ ~ ~ I N ~ ~ ~ ~ O X ~ ~ H ~ ~ / I N O ~ ~ ~ ~ X I ~ H I I N . ) ~  
2305 FORMAT(IBr7F17.8)  




SIJ3ROUT I NE BMAT ( I J) 
C T H I S  S U R R O U T I N E  EVALUBTES T H E  M A T R I X  B FOR E L E M E N T  I A T  P O I N T  X ( J )  
C SHEAR S T R A I N  AND CURVATURE V O D E L S  V A R Y  Q U A D R A T I C A L L Y  AN@ L I N E A R L Y  
C ALONG CHORD L E N G T H -  R E S P E C T I V E L Y .  
R E A L  "IUFvNUC 
C3VMON 
COMM3N /STYI\?S/ 
COYMON /ELGEOM/  E L . S P S I . C P S I ~ T B I r T B J ~ C B I ~ C B J ~ S @ I ~ S ~ J ~ ~ l ~ ~ 2 ~ ~ ~ * ~ ~  
C3MM3X /N3DGEO/  R ( 7 5 ) * 2 ( 3 5 )  
C3YMO"I 
GO 1OC K = l t l 2  
DC 1 O C  L = 1.12 
/PROPS/  PI .D 9 tlF *HC s EF 9 NUF *GF r EC NUC r CC 1 CF *DF 9 SC 9 n C  
SEL( 12.12 1 .El  12112 1 .EB( 1 2 s  12) * T  (12912)  
/XGE3:.1/ YP 9 V P P  .RX r COSB. Y e A R  r X  ( 10 ) 




StJBROUT I NE SELA ( C 1 
C THIS SUBROUTINE COMPUTES A TERM I N  THE GAUSS INTEGRATfON FOR THE 
C STIFFNESS M A T R I X  IN GFNERALIZED CO-ORDINATES 
C SHEAR STR4IN AND CURVATURE MODELS VARY QUADRATICALLY AND LINEARLY 
C ALONG CHORD LENGTH* RESPECTIVELY. 
REAL NUFINUC 
COMMON /PROPS/ H,D,HF,HCrEF.NUF,GF,ECrNUC,GCrBF,DFrBCrDC 
COMMON /STMATS/ SEL(12rl21~B(12~12)rDB(12~12)~T(l2~i2) 
DO 1 0 0  K = 1 - 1 2  
DB(1.K) = BC*(B( l .K)  + NUC*B(Z*K) ) *C 
D9t21Yl B C * ( B ( Z * K )  + N U C * @ ( l r K ! ) * C  
D F ) ( 3 r Y )  = G C * B ( 3 s K ) * C  
DB(4rK) = DC'(B(4,K) + NUC*B(SrK))*C 
D B ( 5 r K )  = D C * f @ ( S r K )  + NUC*B(4rK) ) *C 
D B ( 6 . K )  = BF*(B(6*K) + N U F * B ( ? r K ) ) * C  
D 3 ( 7 r K )  = B F * ( @ ( 7 r K )  + NUF*B(6rK) ) *C 
DBI8rK) = CF*B(B*K)*C*2*0  
DB(9.K) = D F * ( B ( 9 r Y ) +  N U F * B ( l @ ~ K ) ) + C * 2 ~ 0  
DB(10.Y) = D F * ( B ( l O s K )  + NUF*B(S Y))*C*2.0 
D B ( 1 l r K )  = S F * ( e l l l r K )  + N U F * R ( l ' r K ) ) * C  
100 DB(129K)  = R F * ( 6 ( 1 2 r K )  + N U F + B ( l l r K ) ) * C  
CO 2 0 0  K = 1.12 
DO 2 0 0  L = 1 9 1 2  
00 2 0 0  M = 1 9 1 2  
RETURN 
END 
2 0 0  S E L ( K * L )  = 5ELtK.L) + B(MIK)*DB(Y*L) 
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SUBROUTINE S E L R ( L 1  
C T H I S  SUBROUTINE TRANSFORMS THE ELEMENT STIFCNESS FROM GENERALIZED 
C TO GLOBAL CO-ORDINATES AND CONDENSES I T  FR3M 1 2 x 1 2  TO 8x8 U S I N G  
C SHEAR S T R 4 I N  AND CURVATURE MODELS VARY QUADRATICALLY AND L INEARLY 
C ALONG CHORD LENGTH* RESPECTIVELY. 
COMMON /NODGEO/ R ( 3 5 ) r 2 ( 3 5 )  
COMMON /STMATS/ S E L ( 1 2 ~ 1 2 ) r 8 ~ 1 2 r l 2 ) ~ D B ~ 1 2 ~ 1 2 ~ r T ~ l 2 ~ 1 2 )  
DO 5 0  I = 1.11 
DO 50 J = I J s 1 2  
I F ~ S E L ~ I ~ J ’ o E Q ~ O o O o O R . S E L ~ J ~ I ~ . E Q ~ O ~ O ~  GO TO 4 5  
S E L ( I * J )  0 . 5 * ( S E L ( I * J )  + S E L ( J s 1 ) )  
C S T A T I C  CONDENSATION. 
C SYMMETRIZE ELEMENT STIFFNESS I N  GENERALIZED CO-ORDINATES 
I J = I + l  
GO TO 50 
4 5  S E L ( I 9 J )  = 000 
50 S E L ( J * I )  = S E L ( I 9 J )  
DO 100 I = 1912 
DO 100 J = 1 9 1 2  
D B ( I 9 J )  = 000 
DO 100 K = 1 9 1 2  
DO 2 0 0  I = 1912 
DO 2 0 0  J = 1 9 1 2  
S E L l I r J )  = 000 
DO 2 0 0  K = 1 9 1 2  
C TRANSFORM TO GLOBAL CO-ORDINATES 
!00 D B ( 1 r J )  = D B ( 1 . J )  + S E L ( I . K ) * T ( K * J )  
2 0 0  SEL(1.J)  = S E L ( I * J )  + T ( K * I ) * D R ( K * J )  
I F ( R ( L ) o N E o O o O )  GO T O  250 
SEL(1.11 = SEL(3.3)  = S E L ( 4 9 4 )  = SEL(9 .9 )  = 1.0 
C CONDENSE TO 8 x 8  ELEMENT STIFFNESS 
2 5 0  DO 300 J = lr ! ,  
’ I J = 1 2 - J  
I K  = I J  + 1 
P I V O T  = S E L ( I K 9 I K )  
DO 300 K = l r I J  
C = S E L ( I K s K ) / P I V O T  
S E L ( I K * K )  = C 
DO 3 0 0  I = K I I J  
S E L ( I * K )  = SEL(1.K)  - C + S E L ( I , I K )  




C T H I S  SUBROUTINE READS THE BOUNDARY CONDITION DATA* MODIF IES THE 
C OVERALL STIFFNESS MATRIX AND MASS MATRIX ACCORDINGLY AND THEN 
C SHEAR STRAIN AND CURVATURE MODELS VARY QUADRATIrALLY ANI) L INEARLY 
C TRIANGULARIZES THE ST IFFNESS FOR READY SOLUTION. 
C ALONG CHORD LENGTH9 RESPECTIVELY. 
LOGICAL L R I  
COMMON / / NNrNErNMSrriDOFrNBCrNLM*LRI * P I  
COMMON /ARRAY/ S ~ 1 4 0 ~ 8 ~ r S T ~ 3 4 r 1 2 ~ 4 ~ r X M ~ 1 4 0 ~ ~ A ~ 1 0 5 ~ 1 0 5 ~ r E ~ 1 0 5 ~ *  
COMMON /NODGEO/ R ( 3 5 ) * 2 ( 3 5 )  
DIMENSION N R ( 4 )  
I F ( R ( 1 ) o N E o O o O )  GO TO 100 
NLM = NLM - 1 
X M I 1 )  = 000 
I F ( o N O T o L R 1 )  GO TO 100 
NLM = NLM - 1 
XM(3)  = 000 
1 V (  1 0 5 * 1 0 5 )  * I v ~ 1 0 5 ) * w ( 1 4 0 )  
100 WRITE (212000) 
C READ K I N E M 4 T I C  CONSTRAINTS AND MODIFY OVERALL STIFFNESS AND MASS 
DO 300 I = 1,NBC 
READ ( l r l O O 1 )  Y * ( Y R ( J ) r J = 1 * 4 )  
WRITE ( 2 9 2 0 0 1 )  N * ( N R ( J ) r J = l r 4 )  
I J  **N - 4 
CO 300 J = 1 r 4  
I F ( N R ( J ) o E Q o O )  GO TO 300 
S ( I K . 1 )  = 1.0 
DO 200 K = 2 9 8  
S ( I K * K )  = 000 
L = I K  - K + 1 
I F ( L o L E . 0 )  GO TO 723 
S ( L * K )  = 000 
I F ( J o E Q . 4 )  GO TO 300 
I F ~ J o E Q ~ 3 ~ 4 N 3 o o ~ O T o L R I ~ C O  TO 300
NLM = NLM - 1 
X M ( I K )  = 000 
I F  (NMSoGToNLM) NMS = NLY 
CALL  D Y B S O L ( N D 3 F * 8 r 1 4 0 r S *  W i l r l )  
RETURN 
1001 FORMAT(5110)  
2 0 0 0  FORMAT(/ /59HOKINEMATlC CON5TRAINTS ( 0  = UNCONSTRAINED* 1 = CONSTRA 
1 I N E D I  / 
2 ~ X . ~ H N ~ ~ E ~ ~ X ~ ~ ~ H M E R I D I O N A L I ~ X I ~ H R A D I A L I ~ X ~ ~ H R O T A T I O N ~  
3 BX*7HWARPING/) 
I K  = I J  + J 
200 CONTINUE I 
300 CONTINUE 
C TRIANGULARIZE STIFFNESS MATRlX  
2 0 0 1  FORYAT(11014115)  
END 
SUBRCdf INE E IGEN 
c THIS SUBROUTINE TRANSFORMS THE EIGENVALUE PROBLEM FROM 
C K ( * ) * U O  = OY++2*M(r)*UO 
C TO 
C A ( r ) * V O  = VO/OM**2  
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C WHERE 
C r . \ r )  * S T I F F N E S S  M A T R I X  
C r 1 D I A G O N A L  MASS M A T R I X  
C A l r l  = M(r)**O.5*F(r)+M(r)**O.S 
C F ( r )  = F L E X I B I L I T Y  M A T R I X  AFTER CONDENSATION ON DEGk-ES OF 
C FREEDOM NOT CORRESPONDING TO LUMPED MASSES 
C V (  ) M (  )**005*lJ( 1 
C THE E I G E N V A L U E S  AND YMS OF THE EIGENVECTORS ARE THEN CCMPUTED. 
L O G I C A L  L R I  
COMMON / / NNrNErNMSrNDOFrNBCtNLMtLRI * P I  
COMMON /ARRAY/  
C9MMON /STMATS/  S E L ~ 1 2 r 1 2 ~ r B ~ 1 2 r l 2 ~ r 0 6 o r T ~ l ~ r l 2 ~  
E Q U I V A L E N C E  ( G ( l ) r S E L ( l ) ) r  ( R ( l ) r S E L ( 1 0 6 ) ) r  I P f l ) r B ( 6 7 ) l e  
1 V(105r105)rIV(105)rW(140) 
D I M E N S I O N  G ( 1 0 3 1 . R ( 1 0 5 ) ~ P (  1 6 5 )  e Q ( 1 0 5 ) ~ I N f 1 1 0 5 1  
1 ( Q ( l ) r D B ( 2 8 ) ) r  ( I N T ( l ) r C P ( 1 3 3 ) )  
C COMPUTE I N D E X  VECTOR OF LUMPED MASSES 
N = l  
DO 100 I = l r N L M  
N = N + 1  
GO TO 50 
60 I V ( I I  = N 
50 IF(XM(N).NE.O.OI GO TC 5 0  
100 N = N + l  
C ASSEMBLE M A T R I X  A ( * )  
DO 300 I = l r N L M  
DO 2 0 0  J l r N D O F  
200 W ( J )  = 0.0 
W(N) = 1.0 
C A L L  D Y R S O L ( N D O F r B r l 4 0 r S s W I 2 r N )  
DO 300 J = I r N L M  
L = I V ( J )  
A ( J r I I  = X Y ( L ) * W ( L ) * X Y ( N )  
N = I V ( I )  
300 A t I r J )  = A ( J . 1 )  
C COYPUTE E I G E N V A L U F S  A N D  EIGENVECTORS 
C COYPUTE AND P R I N T  NATURAL FREOUENCIES 
C A L L  H Q R W ( N L M r 1 O S r ~ M S r A r E r V r G r R r P r Q r W r I N T )  
K Z I T E  ( 2 . 2 0 0 0 1  
DO 400 I = l r N L M  
E ( I )  = l . O / S Q R T ( E ( I ) )  
PER = 2 0 O * P I / E ( I )  
FREQ = l.O/PER 
400 W R I T E  ( 2 9 2 0 0 1 )  I r E ( 1 ) r F R E O r P E R  
RETURN 
2000 F O R M A T ( 2 1 H l N A T U R A L  F R E Q U E N C I E S  / /  
1 1 0 H  YODE NO~rl5Xr5HO~EGAr1OXrlOHOMEGA/2*PIrl4X~6HPERIOP / 
2 ~ ~ X I ~ H ( R A D / S E C ) ~ ~ ~ X I ~ H ( C Y C / S F C )  t l 5 X r 5 H ( S E C )  1 )  
2001 F O R M A T ( I 1 9 r 3 E 2 0 . 8 1  
END 
SUBROUTINE SHAPES 
L O G I C A L  L R I  
C T H I S  SUBROUTINE RECOVERS AND P R I N T S  T H E  COMPLETE MODE SHAPES. 
R E A L  N U C r N U F  
COMMON /ARRAY/  S ~ 1 4 0 r B ~ r S T f 3 4 r l 2 r 4 ~ r X M ~ l 4 O ~ r A ~ l O 5 r l O 5 ~ r E ~ l ~ S ~ r  
COMMON /NODGEO/ Q t 3 5 ) . 2 ( 3 5 )  
COMMON /PROPS/ HrDrHFrHCrEFrNUFrGF*ECINUCIGCrBF*CFrBCrDC 
D I M E N S I O N  Uf 12) 
E Q U I V A L E N C E  ( U ( l ) r A ( l ) )  
WRITE ( 2 r 2 0 0 3 )  
DO 800 I = l r N H S  
c = E ( I ) * E ( ! )  
DO 100 J = 1 r N D O F  
DO 2 0 3  K = l r N L M  
L = I V ( K )  
200 W(L) = C + X ~ ’ L ) * V ( K . I )  
C A L L  DYBS9L(NDOF*8rl40rSrWr2rl) 
W R I T E  ( 2 9 2 0 0 0 )  I 
DO 700 J = l r N E  
I L  = 4+J - 4 
DO 300 K = 118 
IK = IL + K 
COYMON / / NNINEINYS~NDOF~NBC.NLM*LRI * P I  
1 V ~ 1 0 5 r 1 0 5 ~ * I V f 1 ~ 5 ~ r W ~ 1 4 0 ~  
1 C O  W ( J )  = 0 - 3  
300 U ( K )  = w ( I K )  
C RECOVES CCNDENSED D I S P L A C E M E N T S  
DO 400 K = 194 
J K = K + 8  
I K  J K  - 1 
U ( J K )  = 0.0 
DO 400 L = l r I K  
400 U ( J K )  = U f J K )  - S T ( J r L r K ) * U I L )  
C COMPUTE A D D I T I O N A L  D I S P L A C E M E N T S  OF I N T E R E S T  AND P R I N T  
GAMCI = U ( 4 )  + U ( 9 )  
GAMCJ = U ( 8 )  + U ( 1 C )  
C H I S 1  = (HC*GAMCI + H F * U ( 9 ) ) / S  
C H I S J  = (HC*GAMCJ + H F * U ( l O ) ) / D  
C H I 1  = U ( 3 )  + C H I 5 1  
CHIJ = u (7 )  + C H I S J  
GAM0 U ( 1 1 )  - U ( 1 2 )  
C H I S O  = ( H C W ( 1 1 )  + H F + U I 1 2 ) ) / D  
700 W R I T E  ( 2 9 2 0 0 1 )  J r R ( J ) r Z ( J ) r  
1 U ( ~ ) . U ( ~ ) ~ C H I I ~ U ~ ~ ) ~ C H I S I I U ( ~ ) ~ G ~ ~ C I I U ( ~ ~ ~  
2 C H I S O r G A M 3 r U ( l l ) r U ( l Z ) r  
3 J(5lrU(6)rCHIJrUt7)rCHISJIUorCAU’JIU(l~~ 
3“0 W R I T E  ( 2 r 2 @ 0 2 )  R ( Y N ) r Z ( N N )  
RETURN 
2000 FORMAT(/16HOMODE SHAPE NUMBER r I 3 /  
1 5H Y O D E r 2 X r 1 3 H M E R I D I O N A L r  U r 6 X r 9 H R A D I A L r  W ~ Z X ~ ~ ~ H R O T A T I O N I  C H *  
2 ~ X I ~ H C H I ( B ) ~ ~ X ~ ~ H C H I ( S ) ~ ~ X ~ ~ ~ H W A R P I N G ~  G A M r 7 r r B H G ~ ~ M A ( C ) r ? X r  
3 BHGAMMA ( F 1 / 1 
1 4 X r l H I r 8 E 1 5 . 7 /  
2001 F O R M A T ( 8 H  E L E Y E N T r 1 3 r 3 9 X * 7 H ( R * Z )  = r  F 9 . 4 r l H t r F 9 . 4  / 
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2 4 X * l H 0 * 6 0 X ~ 4 E 1 5 . 7 /  
3 4 X , l H J * B E 1 5 . 7 / )  
2002 F O R M A T ( ~ O X ~ ~ H I R I Z I  '+F9.41lH*1F9.4 ) 
2003 F O R M A T ( 1 6 H l V I B R A T I O N  MODES / I  
END 
S U B R O U T I N E  DYBSOL (NNIMMINDIMIAIBIKKKILIM) 
C DYBSOL IS AN S P E C I A L  IN-CORE BAND SOLVER FOR D Y N A M I C  PROBLEMS 
C I N V O L V I N G  CONDENSATION O F  R O T A T I O N A L  DEGREES OF FREEDOM. 
C PROGRAMMED BY C. 4 0  F E L I P P A .  
C 
D I M E N S I O N  A ( N D I M * l ) r  B ( 1 )  
NR = N N  - 1 
I F  (KKK.GT.1) GO TO 300 
C 
C D E C O M P O S I T I O N  OF BAND M A T R I X  A WITH SEMI-RANDWIDTH MM 
C 
DO 200 N = l r N R  
Y = N - l  
P I V O T  = A ( N s 1 )  
I F  (PIVOT.EQ.0.) P I V O T  = 1.OE-08 
MR = M I N O  (MMINN-H) 
DO 200 L = 29MR 
C = A (  NIL 1 / P I V O T  
I F  (C.EQ.0.) GO TO 200 
I = M + L  
J = O  
J = J + l  
A l N s L )  C 
GO TO 500 
DO 180 K = LIMR 
190 A ( I I J )  = A ( 1 r J )  - C * A ( N s K )  
200 C O N T I N U E  
C 
C FORWARD R E D U C T I O N  OF VECTOR B FROM B I L I M )  TO B I N )  
C AND B A C K S U B S T I T U T I O N  FROY B ( N )  T O  B ( L I M )  
C 
300 DO 350 N = LIMINR 
M - N - 1  
MR = M I N O  (MM9NN-Y) 
C = B ( N )  
B(N) = C / A ( N * l )  
I = M + L  
DO 350 L ~ I M R  
3 5 0  B(I) R ( I )  - A ( N t L ) * C  
8 1  N N )  = B ( N N )  / A ( N N  1) 
NS = NN - L I M  + 1 
DO 400 K = 2 9 N S  
Y z N N - K  
N = Y + 1  
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MR i: M I N O  ( M M r K )  
DO 400 L * 2 r M R  
I = M + L  
400 B ( N )  B ( N )  - A ( N s L ) * B ( I )  
500 ZETURN 
END 
SUBROUTINE HORW I ~ r N M r M t C r E s V r A s B r P I W s Q r I N T )  
C 
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
C SUBROUTINE TO COMPUTE E I G E N V A L U E S  AND EIGENVECTORS OF A 
C SYMMETRIC R E A L  M A T R I X  STORED AS A TWO-DIMENSIONAL ARRAY. 
C * * * + * * * i + * * * * * * * * * * * * * * * * * * * * * * * * * * *  





C N Y A T R I X  ORDERS MtlST NOT EXCEED NY. 
C 
C NM D I M E N S I O N  OF I N P U T  M A T R I X  G I N  THE C A L L I N G  PROGRAM. 
C 
C M NVEC = I A B S t M )  IS THE NUMBER OF t I G E N V E C T O R S  D E S I R E D  
C (0 TO N1. I T S  S I G N  S P E C I F I E S  THE ORDERING OF THE 
C E!GENVALUES E ( 1 )  * . .e .  E ( N )  AS FOLLOWS 
C IF M L T  0 OR -Or RY I N C R E A S I N G  4 L G E R R P I C  VALlJE 
C I F  M GT 0 OR + O *  BY DECREASING ALGERRPIC VALJE.  
C CALCULATED EIGENVECTORS ( I F  ANY)  WILL CORRESPOND TCI 
C E ( l ) r  E ( 2 )  . e *  E t N V E C )  
C 





C E VECTOR OF E I G E N V A L U E S 9  ARRANGED AS E X P L A I N E D  ABOVE. 
C 
C V . N O R M A L I Z E D  EICFNVECTORSI  STORED AS COLUMNS OF Ve 
C I F  NVEC=Or V MAY B E  A DUMMY V A R I A B L E .  
C 
C A D I A G O N A L  OF REDUCED T R I D I A G O N A L  FORM. 
C 
C B F I R S T  OFF-DIAGONAL OF REDUCED T R I D I A C O N A L  FORM. 
C 
C 
C WORKING SPACE 
C 
C PIWIQIINT WORKING VECTORS OF LENGTH A T  L E A S T  N * N + l , N  AND N 
C R E S P E C T I V E L Y .  I F  NVEC-01 Q AND I N T  MAY RE 




C M I N I M U M  D I M E N S I O N S  I N  THE C A L L I N G  PROGRAd SHOULD B E  
L G ( N M r N ) r  E ( N l r  V(NMINVEC)*  A ( N ) r  B ( Y ) r  k’(N)r W ( N + l b r  Q ( N I I  I N T ( N 1  
C BUT VIQ ANI; IN1 CAN RE DUMMIES IF NVEC=O ( N O  E I G E N V E C T O S S ) .  
C 
C 
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
C THE FOLLOWING PARAMETERS ARE MACHINE-DEPENDENT AND SHOlJLD 
C RE PRE-SET AS FOLLOWS 
C 
C DFiECS = lO.* * ( -NDIG)  WHERE F D I G  IS THE NUMBER OF S I G N I F I C A ~ I  
C D E C I M A L  D I G I T S  C A R R I E D  OUT BY THE MACHIiJE I N  F L O A T I N G  
C P O I N T  A R I T H M E T I C .  
C BASE = THE BASE NUYSER OF THE M A C H I N E *  I N  F L O A T I N G  P 3 I N T .  
C I L I M  = TO B E  CHOSEN SO THAT B A S E * * f I L I M + 4 )  I S  OF THE ORDER 
C ( B U T  DOES NOT EXCEED)  THE MACHINE QVERFLOW L I M I T .  
C HOV = R A S E * * ( I L I M / 2 )  
C 
C T H I S  V E R S I O N  IS FOR THE CDC 6400 ( N D I G = 1 5 .  BASEz2. r  I L i M = 1 0 0 0 1  
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
C 
D I M E N S I O N  G ( N M i 1 ) r  E ( 1 ) r  V ( N M r 1 ) r  A ( l ) r  B ( 1 ) r  P ( l ) r  W ( l ) r  Q ( 1 )  
R E A L  LhMBDA 
LOG!CAL I N T ( 1 )  
I F  (N.LE.O.OR.N.GT.NM) GO TO 1000 
PRECS = i .OE-15 
BASE = 2 0 0  
I L I C ’  = 1000 
HOV = B A S E * * 5 0 0  
3 ( 1 )  = 0. 
SQRT2 = SQRT(2.1 
DO 100 I = 1 r N  
I F  ( N - 2 )  9 0 0 r 2 8 0 r 1 1 0  
~i = r4 - 1 
100 E l 1 1  = G ( I t 1 )  
C 
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
C T R I - D I A G O N A L I Z E  M A T R I X  G B Y  HOUSEHOLDER’S PRCICEDUQE 
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
C 
110 DO 2 5 0  K = 2 r N 1  
K l = K - 1  
Y = G ( K I I ( 1 )  
SUM = 0.0 
DO 120 I = KJIN 
IF (SUM.EQ.0.) GO T O  2 3 0  
B ( K )  = S I G N ( S , - Y )  
X = S I G N ( l . / ( S * W ( K ) ) r Y )  
DO 1 5 0  I = KIN 
I F  (1.GT.K) W ( 1 )  f X * G ( I r K l )  
K J = K + l  
1 2 0  SUM SUM + G ( I * K 1 ) + + 2  
S = SQRT(SUY+Y**Z)  
W ( K 1  = S Q R T ( l . + A B S ( Y ) / S I  
24 4 
P(1) = 0. 
DO 1 8 C  I * KIN 
Y = W i l l  
IF ( Y  E3.0.) GO TO 1 8 0  
I l * I + l  
DO 160 J = KI I  
IF ( I1mGT.N) GO TO 1 8 0  
DO 170 J = I l r N  
1 5 0  C ( I * K l )  = W f I )  
160 P ( J )  P ( J )  + Y * G ( I s J I  
170 P ( J 1  = P ( J )  + Y * G ( J i I )  
1 8 0  CONTINUE 
190 X = 00 
DO 2 c o  J = K ~ N  
2 n 0  X = X + W ( J ) * P ( J )  
X = 0 . 5 * X  
DO 210 J = KIN 
210 P ( J )  = X * W ( J )  - P ( J )  
DO 220 J KIN 
DO 2 2 0  I = JIN 
GO TO 2 5 0  
8 ( K )  = -Y 
'30 240 I KJIN 
240 G ( I I K )  = - G f I n K )  
2 5 0  CONTINUE 
2 8 0  DO 290 I = 1 r N  
A ( 1 )  = GfltI) 
290 G ( I r I )  = EfII 
R ( N )  = G \ d c N l )  
2 2 0  G(IIJ) = G ( 1 r J )  + P ( I ) * W ( J )  + P ( J ) * W ( I )  
230  G f K I K 1 )  = SORT2 
C 
C * * * * * * * * * * * * * * * * * * * v * * * * * * * * * * * * * * *  
C GET E I G E N V A L U E S  OF T R I D I A G O N A L  F O R M  B Y  KAHAN-VAR4H (J-R METbi3D 
~ * * * * * * * * * * + * * * * * * * t * * * * u * * * * * * * * * * *  
C 
TOL = P ~ E C S / ( l O m * F L O A T f N ) )  
3 b i A X  = 0. 
T ' I A X  = 0.  
! u l f N + l )  = 0. 
DO 7 0 0  I * 113 
aMAX = A M A X l ( B Y A X I A B S ( R ( 1 ) ) )  
SCALF = 1.0 
I F  (RM4X.EQ.O.) GO TO 5 2 0  
'20 310 I = l r I L I M  
300 TMAX = ~ M ~ X ~ ~ B M ~ X I A ~ S ( A ( ~ ) ) , T M A X )  
I F  ( 5 C P L E * T M A X m G T ~ H O V )  G 3  10 320 
3 1 0  SCALE - SCALE*RASF 
320 DO 3 3 0  I = 1 r N  
E ( I )  = A f I ) * S C A L E  
330 W ( l )  = fR(I)*SCALEI+*Z 
D E L T A  = TMAX*SCALE*TOL 
EPS = D F L T A * * 2  
K = N  
3 5 0  L = K 
I F  (L.LE.0) GO TO 660 
L l = L - l  
DO 360 I * 1.L 
K 1  = K 
K = X - 1  
360 I F  (WtK1)mLT.EPS) GO TO 380 
380 I F  (K1.NE.L) GC TO 400 
W(L) = 0. 
EO TO 350 
x = V r L )  
Y = 0.5*1 
S = SORT(X) 
I F  (4RS(T)oGT.DELT&) S = (X/Y)/(lr+SQRT(le+X/Y**2)) 
E l  = E t L )  + s 
c2 = E t L 1 1 -  s 
I F  I K l o N E o L l )  GO TO 430 
F ' C I  = E l  
E(Li) = E2 
WtL1) = 0.. 
GO TO 350 
430 LAMBDA = E l  
1 7  ~ A @ S f T ) . L T . D F L f A . A N D ~ ~ ~ ~ ( E 2 ) ~ L T . A R S ( E 1 ) )  LAMBDA = E2 
s = 0. 
c = 1. 
GC. = E(Kl) -L4HBDA 
G3 TO 450 
443 c = F / f  
s = X / T  
n = GS 
5G = C*IE(Kl) -L4MSDA) - S*X 
FfKl = (X-GG) + E I K 1 )  
400 T = E ( L )  - E I L l l  
4; f tbS(GG1 .LT.DELTA) GG = GG + S I G N (  C*DELTA*GG) 
F = ; G * * ~ I C  
K = K 1  
K l = K  1 
x = W ( K 1 )  
T = X + F  
W ( < )  = S*T 
IF (K0LT.L)  GO TO 440 
E t 0  = G" + LAMRDA 
GO TO 3 5 0  
460 DO 470 1 = 19% 
470 C ( I )  = E t I I I S C A L E  
Y = I S I G V t l r M )  
DG 5CO i = l 9 N 1  
K = Y - L  
DO 5CO I ? * K  
I F  ~ Y * ~ E ~ I ~ ~ E ~ I + 1 ~ ~ ~ G T ~ O ~ ~  GO TO 500 
x = f : I )  
€ ( I )  = € ( 1 + 1 )  
E f I + l )  = x 
530 C9NTINIJE 
I 520 IF fY.EQ.0, GO 10 1000 
C 
246 
c * *  
C 









NVEC 1 I A B S ( H )  
F = SCALEIHOV 
I F  (YVEC.GT.N) NVEC = N 
I F  (RMAX*F.LToPRECS) GO TO 830 
DO 530 I = 1 r N  
A ( I )  = 4 ( I ) * F  
WI) = B ( I 1 . F  
S E P  x 25.*TMAX'PRECS 
X l  = 0 .  
I(2 = 5 0 R T 2  
30 800 N V  = 1 s N V F C  
I F  ( Y V o G T . l o A N @ o A R S ( ~ I Y V ) - ~ ( Y V - 1 ) 1 . L T . S E P )  Go TO 5 5 0  
09 540 I = 1 . N  
W ( 1 )  = 1.0 
GO TO 570 
90 560 I = l s Y  
X = A M O D ( X l + X Z s 2 r O )  
x 1  = x 2  
x 2  = x 
W I I )  = x - 1.0 
EV = F(?JV)*F  
X = A ( 1 )  - EV 
Y = at21 
J = N 1  
DO 600 I = l * Y I  
C = A ( I + l )  - EV 
5 = 3 ( 1 + 1 )  
I F  ( ~ B S ( ' X ) O G E O A B S ( S ) )  GO .TO 580 
P ( ! )  = s 
C ( 1 )  = c 
INT(1) = . l R l l E o  
z = -x /s  
x = Y + Z*C 
I F  ( I o L T o N l )  Y = Z*!3(1+2)  
GO TO 60Q 
I F  ( 4 9 S ( Y l . t T o T 3 L )  X = T O L  
G ( 1 1  = Y 
I N T ( 1 )  = .FALSE. 
2 = -s /x  
x = c + Z+Y 
Y = R(1+2) 
' J ( 1 r h l V )  = 2 
TF 1 4 B S ( X ) . L T . T O L )  X = TOL 
V i T E R  0 
p ( r )  = x 
N I T E R  = N I T E R  + I 
W ( N )  = W I N I / X  
SUY = W ( N 1 * + 2  
30  640 L = l r N l  
I = N - L  
Y = W ( I I  - O(I)+W(I+l) 
24; 
I F  (INTfI)) Y = Y - RII+ZI*WfI+Z) 
WfI) = Y/PtI) 
640 SlJY = SUM + W I  I )+*2  
S = SOHTtSUH) 
DO 660 I * 1 r N  
660 WII) = W(I1'S 
IF fXITfR.C:.Z) GO TO 760 
99 700 I l r N l  
2 = V ( ! r N V )  
:F t I N T I I I )  60 TO 680 
W t I + l )  = WfI+l) + Z+WtI) 
GO TO 700 
WIIl = WfI+l) 
Wt!+l) = Y + Z + Y ( I )  
GO TO 620 
J = J - 1  
x = 0.  
DO 740 I = L r N  
740 X = X + G f I r J ) + W f I !  
DO 750 I L r N  
759 W f I )  = '411)  - X + G ( I r J )  
763 IF tJ.GT.1) GO TO 7 7 0  
800  V I I r X V )  = W t I )  
680 Y = WtI) 
7n0 CONTlNUF 
730 L = J 
00 800 I = 1 9 %  
DO 820 I = 1 9 %  
A t l )  = AtI)/F 
820 Ptl) = RfI)/F 
GO TO 860 
8 3 0  DO 850 NV = 1 r N V F C  
DO 840 I = 1.N 
840 V t I . Y V )  = 0. 
3 5 0  V ( ' I V r N V )  = ' e 0  
860 DO 880 I = 29% 
Y = I - 1  
DO 880 J = 1 r K  
880 G f I q J )  = G ( J 9 I )  
GO TO 1000 
900 V ( 1 . l )  = 1.0 
A t 1 1  = E t 1 )  
END 
1 3 0 0  RETURN 
A P P E N D I X  Fa. COMPUTER PROGRAM FOR FREE V I B R A T I O N  A N A L Y S I S  O F  V I S C i E L A S T I P  
A X I S Y H Y E T R I C  SANDWICH S H E L L S  (FORTRAN I V I  
PRs2GRAM ASVEFVQ(INPUTrOUTPUT,TAPE1=1NPtiT~TAPEZ~OUTPUT) 
C 
C FREE A X I S Y M M E T R I C  V I R R A T I O N  A N A L Y S I S  O F  T H I N  R O T A T I O N A L  SANDWICH 
C S H E L L  WITH CONSTAQT T H I C K N E S S  AND T W I C E  CONTINUOUS M E R I D I A N .  
C I N C L U D E S  D E T E R M I N A T I O N  O F  E F F E C T I V E  D A M P I N G  DUE TO L I N E A 2  V I S C O -  
C E L A S T I C  MATERIALS.  ( L I M I T E D  TO M A T E R I A L S  W I T H  R E A L  P O I S S O N  R A T I O )  
C M A T E R I A L  P R O P E R T I E S  YAY NOT VARY I N  THE M E R I D I O N A L  D I R E C T I O N  FOR 
C THE PRESENT PRCGRAMs ALTHOUGH M O D I F I C A T I O N  FOR T H I S  C A P A B I L I T Y  
C MAY B E  R E A D I L Y  ACHIEVED. NO R E S T R I C T I O N  ON R A T I O S  OF LAYER T H I C K -  
C NESSES OR L A Y E R  PROPEQTIES.  NODES ARE NUMBERED CONSECUTIVELY 
C ALONG THE M E R I D I A N  AND I F  A NODE I S  L O C A T E D  ON THE A X I S  OF SYK- 
C METRY NUMBERING MUST B E G I N  A T  T H I S  NODE. E L E V E N T S  ARE NUM3ERED 
C SUCH THAT THE ELEMFNT NUMBER I S  THE SAME A S  THE S Y A L L E R  ADJACENT 
C YODE NUMBER. 
C STORAGE FOR 20 NODES ( A N D  THUS FOR 19 ELEKENTS) .  
C SHEAR S T R A I N  AND CURVATURE MODELS VARY Q L A D R A T I C A L L Y  AND L I N E A R L Y  
C ALONG THE CHORD LENGTHI R E S P E C T I V E L Y .  
C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  































1 CARD.. I10 NUMBER O F  S H E L L S  TO B E  ANALYZED 
THEN, FOR EACH S H E L L 9  A L L  OF THE FOLLOWING.. 
1 CARD.. COLS. 2-72 T I T L E  
1 CARD.. 31109L10 
NUMBER OF NODES9 NN 
NUMBER OF MODE SHAPES9 NMS 
NUMBER OF NODES W I T H  R E S T R A I N T S s  NBC 
ROTATORY I N E R T I A  I N D E X  (1 I F  LUMPED R3TATC)RY I N E R T I A  
I N C L U D E D 9  F OTHERWISE)  
1 CARD.. BF10.O 
T H I C K N E S S  O F  1 F A C I N G  ( 1 4 0 )  
YOUNGS MODULU5 OF F A C I N G S  ( P S I )  ( R E  AND IM PFRT,CI 
P O I S S O N  R A T I O  O F  F A C I N G S  
SHEAR MODULUS O F  F A C I N G S  ( P S I )  ( R E  AND I". P A R T S )  
SHEAR STRESS CORRECTION FACTOR FOR F A C I N G  
D E N S I T Y  OF F A C I N G S  I L B e / I N . * * 3 1  
1 CARD.. 8F10.0 
T H I C K N E S S  OF CORE ( I N . )  
YOUNGS M9DULUS OF CORE ( P S I )  f R E  ANP I M  P A R T S )  
P O I S S O N  R A T I O  O F  CORE 
SHEAR MODULUS O F  CORE ( P S I . )  ( R E  AND I M  P A R T S )  
SHEAR STRESS CORRECTION FACTOR FOR CORE 
D E N S I T Y  OF CORE (LB./ IN.**3) 
9999999999) 




















N N  CARDS.. 1 1 0 * 3 F 1 0 . 0  
NODE NUMRER 
RI A B S C I S S A  OF NODE (IN.) 
21 O R D I N A T E  OF NODE (IN.) 
P H I .  L A T I T U D E  ANGLE OF NODE (DEGREES)  
NN-1  C6RDS.o 2F10.O 
CURVATURE AT NODE I O F  ELEMENT ( l / I N . )  
CURVATURE AT NODE J OF ELEMENT ( l / I N . )  
NBC CARDS.. 5110 
NODE NUMBER 
T A N G E N T I A L  D I S P L A C E M E N T  I N D E X  ( O = F R E E *  l = C O N S T R A I N E D )  
R A D I A L  D I S P L A C E M E N T  I N D E X  ( D I T T O  I 
B E N D I N G  R O T A T I O N  I N D E X  ( D I T T O  1 
SHEAR WARPING I N D E X  D I T T O  ) 
C 
L O G I C A L  L R I  
COMMON / / NNINEINMSINDOF~NBCINLMILRI * P I  
READ 1000, N S H E L L S  
DO 100 N = 1,NSHELLS 
C A L L  SETUP 
C A L L  BCS 
C A L L  E I G E N  
P I  = 3 . 1 4 1 5 9 2 6 5 3 5 8 9 7 9  




1000 F O R M A T ( I 1 0 )  
SUf jROUTINE SETUP 
C T H I S  SUBROUTINE READS THE GEOMETRICAL AND M A T E R I A L  P R O P E R T I E S  OF 
C THE S H E L L  AND S E T S  UP THE OVERALL S T I F F N E S S  M A T R I X  AND THE DIAGON- 
C SHEAR S T R A I N  AND CURVATURE P O D F L S  VARY Q U A D R A T I C A L L Y  AND L I N E A R L Y  
C ALONG CHORD LENGTH, RESPECTIVELY.  
C AL MASS MATRIX.-ROTH UNMODIFIED FOR BOUNDARY CONDITIONS. 
C COMPLEX A R I T H M E T I C  FOR L I N E A R  V I S C O E L A S T I C  MATERIALS.  
R E A L  NUFINUC~KFIKC 
L O G I C A L  L R I  
COMPLEX SISTIAVEIV 
COMPLEX ECrGC r E f  ,GF,PFIDFIRCIDC 
C 7)MPLEX S E L  ,DB 
COMMON / / NN,NEINMS~NDOFINBCINLMILRI P P I  
COMMON / A R R A V /  S ( 8 0 r 8 ) r S T L 1 9 ~ 1 2 r 4 ) , X M ( 8 0 ) ~ A ( 6 0 ) ~ 1 V ( 6 0 ) ~  
COMMON /PROPS/  H I D ~ H F I H C I E F I N U F I G F I E C ~ N ~ C ~ G C * B F ~ P F * ~ ~ C * D C  
COMMON /XGEOM/ Y P * Y P P , R X * C O S B * Y B A R * X ( l O )  
COMMON /ELGEOM/ E L I S P S I I C P S I I T R I ~ T B ~ ~ C B I ~ C B J ~ S B I I S D . ~ ~ A ~ ~ A Z ~ A ~ ~ A ~  
1 V ( 8 0 )  
COMPON /NODCEO/ R ( 3 5 ) r 2 ( 3 5 )  
DIMENSION C P H I ( 3 5 ) r S P H 1 ~ 3 5 ) r W ( l O ~ ~ Y ( l O ~ s W ~ ~ l ~ ~ s A N ( 3 ~ ~ s P H ~ ~ 3 5 ~  
EQUIVALENCE ( C P H I ( l ) r 4 ( l ) ) r  ( S P H I ( l ) s A ( l O l )  1 s  ( P H I ( 1 ) s A l Z O l ) ) r  
DATA X / 0.013046735741414s 00067468316655507r  
COMMON /STMATS/  ~ ~ ~ ~ i 2 ~ i 2 ~ ~ ~ ~ i 2 ~ i ~ ~ ~ 0 8 o r f ( 1 2 , 1 2 ~ ~ ~ ~ i ~ ~ i ~ ~  
1 ( A N ( l ) s A ( 3 0 1 ) )  
1 0*160295215850488r  0.283302302935376s 0 ~ 4 2 5 5 6 2 8 3 0 5 0 9 1 8 4 s  
2 00574437169490816. 0.716697697064624* 00839704784149512s 
3 0.932531683'44493s 00986953264250586 / 
DATA W 1 0.066671344308688r 0.149451349150581s 
1 0.21908636?515982s 0.269266119309996, 0 -295524224714753s 
2 0.295524224714753s 0.269266719309996s 00219086362515982r  
3 0.149451349150581s 0.066671344309688 / 
DATA Y / 0*0234550?8515334r  00115382672473579s 
1 0.259 0.384617327526421* 0.476544961484666s C.523&>50?8515334* 
Z 0*615382672&73579r  0.75, 00884617327526421s Po976546061484666 / 
D A T A  WY / 00236926885056189,  0.478626670499366r 
1 9 . 5 6 ~ 8 8 8 8 8 8 ~ a m 8 9 ,  0.47e628670499366. c . 2 3 6 9 ~ m 5 c s 6 i e 9 ~  
2 0.236926885056169, 0.478628670h99366. 00568088888P@PJ?89r 
3 0.478628670499366s 0.?36926885@56189 / 
WRITE ( 2 9 2 0 0 0 )  
READ ( l r 1 0 0 0 )  
WRITE c(Z*lC)On) 
READ ( l r 1 0 0 1 )  NY.YYSsNBC*LRI 
R E A D  (1,1002) HF-EF 'IFrGFrKFrRHOF 
READ ( 1.1392) HC,rrr,ylfC.CCsKC.RHOC 
NRITE (29ZOC1) NNIYMZIYBCI HFIHCI EF.!~UF,CFIKFI~~~OFI ECsNUC*GCsKCs 
1 R!+OCs LR I  
IF(hlNoGT. 2 3 )  G 3  T 3  900 
I F ( ~ E A L ( j F ) . S E o 9 9 9 9 9 9 ~ 9 9 8 * 0 )  5F = (1.OE+20. 3.0) 
:F(QE4L(GC).;E.3939999P98.0) GC = ( ? * f ? E + Z O *  1 . P )  
Y = WE + 2 * 3 * H F  
3 = Y C  + HF 
%E = R X  - 1 
YD3F = 4 * S Y  
YL'.' = 2+NR 
I F ( L R 1 )  YLY = 3*NN 
EF = EF/(I.O - %LJF*N!JF) 
EC = EC/(:.3 - NUC*qUC) 
BF = EF*HF 
q C  = EC*HC 
GF = GF*HF*KF 
GC = GC*HC*KC 
D C  = BC*WC*HC/i?.3 
DF = BF*HF+HF/12.O 
R r '  = ( H C * R t l O C  + 2.0*YF*RHdF)/386*088 
4KOX = (RHOC*HC**3 + QLi?F*(H**3 - HC**3)) / (12.0+386.088) 
30 100 I = lrNDOF 
X V f I )  = 0.0 
30 193 J = 1.8 
170 S (  I * J )  = ( O o O s O * O )  
J K  = 3 
WQITE ( 2 9 ~ 0 0 2 1  
DR = 180.0/?1 
DO 110 i = 1sNN 
A N ( I )  = 0.0 
READ ( l r 1 0 0 3 )  I * R ( I ) r Z ( I  ) * P H I ( I )  
WRITE ( 2 1 2 0 0 3 ) .  I r R ( 1 )  rZ( I )  r P H I ( 1 )  
P H I ( I )  = P H I ( I ) / D R  
S P l i I ‘ I )  = S I N ( P H I ( 1 ) )  
110 C P H I ( 1 )  = C O S ( ? H I ( I ) )  
WRITE ( 2 92004  1 
DC 5 0 0  I = l r N E  
DR = R ( I + 1 )  - R ( I !  
DZ = Z ( I + 1 1  - Z ( 1 )  
EL = SQRT(DR*DR + DZ*DZ’ 
SPSI  = DR/EL 
C F S I  = DZ/EL 
SHI = C P H I ( I ) * C P S I  - S P H I ( I ) * S P S I  
C B I  = S P H I ( I ) * C P S I  + C P H I ( I ) * S P S I  
T B I  = S R I I C B I  
SBJ  = C P H I ( I + l ) * C P S I  - S P H I ( I + l ’ * S P S I  
C @ J  = S P H I ( r + l ) * C P S I  + C P H I ( I + l ) * S P S I  
TBJ  = SBJ/CRJ 
READ ( l r l O 0 4 )  CURVIrClJRVJ 
WRITE ( 2 9 2 0 0 5 )  IrCURVIrCURVJrELrSPSIrCPSI~TBIrTBJ 
YPFI  = -EL*CtJRVI/CRl**3 
YPP J = -EL*C(JRVJ /CB J** 3 
A2 = T R I  + 0.5*YPPI 
A3 = -(5071TBI + 4.O*TBJ) + O*5*YPPJ - YPPI 
A 4  = 3 o O + ( T B I  + TRJ) + O.S*(YPPI - YPPJ) 
A 1  = T B I  
DO 1 5 0  J = 1 9 1 2  
09 1 5 0  K = l r 1 2  
1 5 0  S F L ( J r K 1  = (0.010.0) 
C COMPUTE ELEMEYT TSANSFORYATIOR M A T R I X  ( A * * - l ) * T  
CALL T Y A T ( 1 )  
30 400 J = 1 9 1 0  
YBAR = (1.0 - X ( J ) I * ( A l  + X ( J ) * ( A 2  + X ( J ) * ( A 3  + X ( J ) * A 4 ) ) )  
YP = A l * ( l o O  - 2 0 O + X ( J ) ) +  X ( J l * ( A 2 * ( 2 . 0  3 0 O * X ( J ) 1  + X ( J ) * ( A 3 *  
1 (3.0 - 4 0 T ) * X ( J ) )  + A4*X(J ) *14 .0  - 5 o O * X ( J ) ) ) )  
YPP = 2 0 0 * ( - A 1  + A2*(1.0 - 3 . @ * X ( J ) ) ) +  X ( J ) * ( A 3 * ( 6 . 0  12.O*X(J)) 
1 + A 4 * X ( J ) * ( 1 2 . 0  - Z O . O * X ( J ) ) I  
CGSB = 1 . C / ( S O R T ( I . O  + YP*YP) )  
CALL @M \ T I I , J )  
R X  = R ( I )  + X ( J ) * E L + ( S P S I  + Y@AR*CPSI) 
C EVALUATE B ( r )  A T  INTFGRATION POINTS 
c ADD CONTRIBUTION 13 ELEMENT STIFFNESS INTEN?ATION 
C = DI*EL*RX*W(J) /COS8 
C A L L  SELA(C) 
YP = A l * ! l . O  - ~ . O * Y ( J ) I +  Y ( J ) * ( A 2 * ( 2 . 0  - 3 .O*Y(J ) )  + Y ( J ) * ( A 3 *  
Q X  = R ( 1 )  t Y ( J ) * E L * f S D S I  + YB4R*CPSr! 
Y a A R  = (1.0 - Y ( J ) ) * ( A l  + Y ( J ) * ( A Z  + Y ( J ) + ( A 3  + Y . J ) * A 4 ) ) )  
1 (3.0 4 . 0 * Y ( J ) )  + A 4 * Y ( J ) * ( 4 * 0  - 5 * O * Y ( J I I ) )  
COSR = l o O / ( S Q R T ( l . O  + YP*YP))  
C = P I * E L * S X + ~ M I J ) / C O S B / 2 o O  
A U ( I )  = A N ( I )  + C 
GO T3 400 
200 A N ( I + l )  = A N ( I + l )  + C 
IF IJoGT.5 )  GO TO 200 
4 0 0  CONTINUE 
C TRANSFORM 1 2 x 1 2  ELEMENT STIFFNESS TO GLOBAL CO-ORDINATES AND CON- 
C DENSE TO 8 x 8  
C A L L  SELR(1 )  
C STORE MULTIPL iERS AND P IVOTS 
DO 4 2 0  J = 194  
I J = J + 8  
DO 4 2 0  K = l r l 2  
4 2 0  S T (  I r K r J )  = S E L l  I J s K )  
C ADD 8 x 8  ELFMENT STIFFNC TO OVERALL STIFFNESS 
DO 4 5 0  J = l r 8  
DO 4 5 0  G = Jr8 
I K = K - J + l  
e I J  = J K  + J 
4 5 0  S ( I J r I K )  = S ( I J r 1 K )  + S E L ( J t K 1  
500 JK = JK + 4 
C CONSTRUCT DIAG,?NAL MASS MATRIX 
DO 6 0 0  I = l r N N  
I J  = 4+I  - 3 
X M ( I J )  = X M ( I J + l )  = SORT(RHO*AN(I ) )  
XM( IJ+2)  = SORT(Ab4IM+AN(I ) )  
RETURN 
STOP 
1000 FORMAT ( 7 2 H  
1 0 0 1  FORMAT(311OrL101 
1002 FORMAT(8FlO.Q) 
1003 FORYAT(I10r3F10.01 
1 0 0 4  FORM4T(2F10.0) 
I F ( * V 3 T * L R I )  GO T 3  600 
6 0 0  CONTINUE 
Q R O  WRITF ( 2 9 2 9 0 0 )  
1 
2nO0 FORYAT( lH1)  
2091 FORMATIlOXIZ8HNUMRER OF NODES 
1 13Xr28HNUYBER OF YODE SHAPES 
2 lOXr28HNUMBER OF RESTRAINED NODES 
3 l D X t l 6 H F A C E  THICKNESS =rF10.6/  
4 lOXr l6HCORE THICKNESS = r F 1 0 . 6 / /  
5 10XrBHFPCE E = r F 1 3 . l r l H r r F 1 4 . 3 /  
6 10XrYHFACE NU =*F12.5/  
7 lOXr8HFACE G = r F 1 3 . l r I H r r F 1 4 . 3 ;  
6 IOXI lOHFACE KAP = r F l l . 5 /  
7 10X.lOHFACE RHO = r F 1 1 . 6 / /  
8 lOXr8HCORE E = r F 1 3 . l r l H 1 r F 1 4 . 3 /  
9 10Xr9HCORE NU =*F12.5/ 
1 10XrBHCORE G = F 1 3 . l r l H r r F 1 4 . 3 /  
2 ?OX*lOHCORE KAP =rF11.5/  
3 10XvlOHCORE RHO = r F l l . 6 / /  
4 44H ROTATORY INERTIA  INCLUDED (1  = YES,  F = NO) t L 5  / /  
5 45H ALL QUANTITIES I N  INCHES* POUNDS AND SECONDS / I  
9 2Xt4HNODEr7XrllHABSCISSAr R r 8 X r 1 2 H  ORDINATE9 216x1  
1 IAHLATITUDE ANGLE/ 
2 3 Q 2  FORMAT(// l lHONODAL DATA / 
2 1 5 x 1  5H( 114. 1 9 15X r 5 H (  IN. 1 9  13X18Ht DEGREE 1 / 1 
2303  F C R M A i ( I 4 r 3 F 2 0 . 8 )  
9 1 3 1  
r ! 3 /  
9 1 3 1 1  
253 
2 0 0 4  FORMAT(/lBHOELEMENT GEOVETRY / 
1 8H E L E M E N T ~ ~ O X I ~ H C U R V ( I ~ ~ ~ O X ~ ~ H C U R V O ~ ~ X ~ ~ ~ H C H O R D  LENCTHr lOX*  
2 7HSIN  PSI I~OXI~HCOS P S I * B X r l l H T A N  R E T A ( 1 ) * 6 X r l l H T A N  R E T A ( J ) /  
3 ~ ~ X ~ ~ H ( ~ / I N ~ ) I ~ O X ~ ~ H ~ ~ / I N ~ ~ ~ ~ ~ X ~ ~ H ( I N ~ ) )  
2 0 0 5  F0RMAT(1617F17.8) 
2 9 0 0  FORMAT(/////41HONUMBER OF NODES EXCEEDS ALLOWARLE STOP 1 
END 
SUBROUTINE T Y A T ( 1 )  
C T H I S  SUBROUTINE EVALUATES THE CO-ORDINATE. TRANSFORMATION M A T R I X  
C ( A * * - l ) * T  FOR ELEMENT I .  
C GLOBAL CO-3RDIN4TES ARE S AND X I  (MERIDIONAL AND R A D I A L ) *  AN3 
C THUS CAN 3E APPLIED ONLY T O  SHELLS WITH TYICE CONTINUOtJS MERIDIANS 
C SHEAR STRAIN AND CURVATURE MODELS VARY QUADRATICALLY AND LINEARLY 
C ALONG CHORD LENSTHI RESPECTIVELY. 
COMPLEX ARITHMETIC FOR LINEAR VISCOELASTIC M4TERIALS. 
REAL NUCINUF 
COMPLEX EC r GC r EF r C F r  RF r DF r SC * t C  
COMPLEX SELrDB 
COYM3N /PROPS/ H I D I H F I H C I E F I N U F I G F I E C ~ N U C ~ G C ~ E F ~ ~ F ~ ~ C ~ ~ C  
COMMC'N / N O D G E O /  R ( 3 5 ) r Z ( 3 5 )  
COMMON /ELGEOM/ E L r S P S I  rCPS? r T B I  r T B J r C e l  r C B J r S B I  * S B J r A l r A 2 * A 3 r A 4  
DO 1 3 0  J = 1112 
DO 1 0 0  K = 1 1 1 2  
I F ( R ( I ) * E Q * O . O I  GO T 3  5 0 0  
B ( l r 1 )  = B ( 3 r 2 )  = B ( 2 r 6 )  = 1.0 
B ( 7 r 4 )  = B ( 7 r 5 )  = B ( 9 9 5 1  = 1.0 
B ( 8 r 9 )  = B ( 8 r l O )  = f3(10*101 = B ( 2 t l )  = -1.0 
B ( 4 r l )  = -TB I  
B ( 4 1 6 )  = T B I  
3 ( 6 r 6 )  = T S I  + T B J  
B ( 6 r l )  = - B ( 6 r 5 )  
B ( 5 r l )  = B ( 6 1 6 )  + T B I  
B ( 5 r 6 1  = - 6 ( 5 i l )  
B ( 5 1 2 )  = B ( B r 4 )  = R ( 8 r 5 1  = 3 ( 1 0 * 5 )  = -3 .9  
B ( 6 r 2 )  = B ( l l r 4 )  = B ( l l 1 5 )  R ( 1 2 t 5 )  = 2.0 
B ( 1 l r Q )  B ( 1 l r l O )  = R ( 1 2 1 1 0 1  = 2.0 
5 ( 5 r ? )  = 3.0 
R ( S r 7 1  = -2.0 
R ( 8 r : l )  = B ( 1 0 ~ 1 2 )  = 4.0 
B l l l r l l )  = R ( 1 2 1 1 7 )  = -4 .0  
R ( 4 1 3 )  = B ( 6 1 3 )  = - E L / C B I / C B I  
B(5r3) = - 2 * O + B ( 4 * 3 )  
a ( 4 r 4 )  = B ( 6 r 4 1  = H C * 9 / 4 t 3 ) / D  
B ( 5 r 4 )  = - 2 * 0 * 8 ( 4 * 4 )  
B ( 4 r 5 )  B ( 6 r 5 )  = B ( 4 r 3 )  
COHMON /STYATS/ S E L ~ 1 2 ~ 1 2 ~ ~ 3 ~ 1 2 r 1 2 ~ ~ D B ~ l Z ) r t ( l Z 1 1 2 ~ ~ T ~ 1 2 ~ 1 2 ~  
1'30 R ( J r K )  = 0.0 
r - MAT9TX FOR OPEN-ENDED ELEMENT 
B ( 5 95 1- = -2mO+B( 4 9 5  1 
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SIJBROUT I NE RMAT f I r J) 
C THIS SURROUTINE E V A L I I A T E S  THE M A T R I X  B FOR ELEMFNT I AT P O I N T  X f J I  
C 5HEAR S T R 4 f Y  AND CURVATURE MCIDELS VARY Q U A D R A T I C A L L Y  ANP L I N E A R L Y  
C ALONG CHORD L E N G T H *  R F S P E C T I V E L Y .  
C COMPLEX A R I T H M E T I C  FOR L I N E A R  V I S C O E L A S T I C  M A T E R I A L S .  
R E A L  N U F r N U C  
COMPLEX 
COMPLEX S E L r D B  
COMYON /PROPS/  HrDrHFrHCrEFrNIJFtGFrECrNUCrGC*PFrCFrRCrDC 
COMMON / S T M A T S /  S E L ~ 1 2 r 1 2 ~ r B f 1 2 ~ 1 2 ~ r ~ B f l Z r ~ 2 ~ r l f l 2 ~ 1 2 ~  
COMMON /ELGEOM/ E L r S P S I r C P S I i T R I r T B J r C 6 ~ ~ C R J r S ~ I ~ S f l J ~ A l r A 2 r A 3 ~ A 4  
COMMON /NCDGEO/ R f  3 5 )  r Z ( 3 5 )  
COMMON /XGEOPl/ YP r YPP r RX r C O S B r  YBAR r X f  10 
DO 100 K = 1 9 1 2  
3c 100 L = l r 1 2  
B 1  = -YPP*COSB**5* f l .O - Y P * Y P ) / ( E L * E L )  
9 3  = C O S ~ * * ~ / ( E L * E L )  
RZ = -2 O*YPP*YP*93*COSP*COSB 
IF(Rf I ) .EQ. f ! *O)  GO T O  400 
R 4  = - E L * B 3 * Y P * f S P S I  + C P S I * Y P ) / R X  
85 = E L * B 3 * ( S P S I  + C P S I * Y P ) / R X  
66 = C O S A * f S P S I  + C P S I * Y ? ) / R X  
C Y A T R I X  FOR O P E N - € W E D  E L F H E N T  
EC rGC r EF r C F r  E F  r D F  r n C  r D C  
100 a i < * L )  = 0.0 
9 1 2 r ? )  = 3 1 7 r l )  = B f 1 2 r l )  = S P S I / R X  
q ( 2 r 3 1  = R ( 7 r 3 )  = R f l Z * 3 )  = C P S I / R X  
R ( 2 r 2 )  = 6 (  1 7 9 1  ) * X f  J )  
f i t  Z r 4 )  = R ( 1 2 r 3 ! * X (  J)  
B f 2 r 5 )  = B I 2 1 4 ) * X ( J )  
B ( 2 r 6 1  = 9 ( 2 1 5 ) * X ( J )  
B ( h r 8 )  = R ( 9 r 1 0 1  = C O S R / E L  
a t 4 r l l )  = B ( 9 r 1 2 1  2 . O * X f J ) * R ( 4 * 8 )  
C O S B * R f 9 v 1 0 )  
* X f  J )  
2 56 
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SUB -?OUT I NE S E L A  ( C 
C T H I S  SURROUTINE COMPUTES A TERP I N  THE GAUSS I N T E G R A T I O N  FOR THE 
C S T I F F N E S S  V A T R I X  I N  G E N E R A L I Z E D  CO-ORDINATES 
C SHEAR S T R A I N  AND CURV4TURE MODELS VARY Q U A D R A T I C A L L Y  AND L I N E A R L Y  
c ALONG CHGRD LENGTH9 R F S P E C T I V E L Y .  
C COYPLEX A R I T H M E T I C  FOR L I N F A S  V I S C O E L A S T I C  MATERIALS.  
R E A L  NUFINUC 
COMPLEX ECIGC.EFIGF,OFIDFIDC(DC 
COVPLEX S E L r D B  
COMYON /PROPS/  H . D I H F ~ H C I E F ~ N U F ~ ~ F ~ € C ~ N U C ~ ~ C ~ ~ F ~ ~ F ~ ~ C ~ D C  
COMMON / S T Y A T S /  S E L ~ 1 2 ~ 1 2 ~ r 0 ~ 1 2 r 1 2 ~ r D ~ ~ l 2 r 1 2 ) r T ~ l 2 ~ 1 2 ~  
DO 100 K = 1 9 1 2  
D R t l r K !  B C * ( B ( l r Y )  N U C + R ( 2 r % ) ) * C  
D B I 2 r Y )  = R C + ( ! 3 ( 2 r Y )  + N U C * R ( l r K ) ) * C  
3F1(3rK) 2 G C * B ( 3 r Y ) * C  
D R ( 4 r K )  = D C * I R ( 4 r K )  + N U C * O ( S r Y ) ) * C  
D B ( 5 r K )  f D C * ( B ( 5 r K )  + N b C * R ( 4 r K ) ) * C  
D R ( 6 r K )  = B F * ( 3 1 6 r K )  + N U F * B ( 7 r K ) ) * C  
D R 1 7 r K )  = B F * I B ( 7 r l o  + N U F * B ( 6 r K ) ) * C  
S119k'OUT I RE SELR ( L 1 
C T H I  S U 3 R O U T I Y F  TR4NCFORMS THE ELEMFYT S T I F F N E S S  FROM G E N E R A L I Z E D  
C TO GLOBAL CO-ORDIYATES AND CONDENSES I T  FROM 1 2 x 1 2  TC) 8x8 U S I N G  
C S T A T I C  CONDENSATION. 
C SHEAR S T R A I N  AND CURVATURE MODELS VARY Q U A D R A T I C A L L Y  AND L I N E A R L Y  
C ALONS CHORD L E N S T M r  2 F S P E C T I V E L Y o  
C COMPLEX A R I T H M E T I C  FOR L I N E A R  V I S C O E L A S T I C  MATERIALS.  
COYPLEX S E L ~ D B  
C P P L E X  P I V O T .  C 
C W W Y  /VC)DGEO/ R l 3 5 ) r Z l ? 5 1  
COMMON / S T Y A T S /  S ~ ~ ~ 1 2 r 1 2 ~ r ~ ~ 1 2 r l 2 ~ r 0 8 ( 1 2 . 1 2 ) r T l l Z 1 1 2 )  
DC 50 I = l r l l  
DO 50 J = l J r 1 2  
I F ~ C A B S ~ S E L l I r J ~ ) o F Q ~ O ~ O ~ O R o C A f l S ( S F L ( J ~ I ~ ~ ~ E ~ ~ ~ ~ @ I  GO TO 45 
S E L ( l r J 1  = OoS'(SEL1frJ) + S E L ( J . ? ) )  
r 
L S Y W E T ? I Z E  ELEMENT S T I F F N E S S  I N  C E Y E R I L I Z E D  CO-ORDINATES 
I J = I + l  
GP TO 55 
45 S E L ( I * J )  = (0.3.n.O) 
50 S E L l J s : )  = S E L ( 1 . J )  
DC 100 I = 1.12 
DO 100 J = 1 9 1 2  
D R l I r J )  = (0.010.0) 
DO 1oc Y = 1 .12  
DO 200 I = l r l 2  
DO 200 J = l r l 2  
DO 200 K = 1 9 1 2  
C T44NSfOr7Y T 3  GLOSAL CO-ORDINATES 
110 DBl!rJI = D B ( I r J )  + S E L ( I r K ) * T ( K r J )  
S E L ( 1 r J )  = (000r0.01 
233 S E L t I r J )  = S E L ( I r J )  + T ( K r I ) * D B ( K r J )  
I F ( R ( L ) o Y E o O o O )  GQ TI) 2 5 0  
S E L ( l r 1 )  = SEL(3.3) = SEL(4r41 = S E L ( 9 r 9 )  = (1.OrO.O) 
C COYDENSF T 3  8 x 8  E L F Y F N T  S T I F F Y F S S  
2 5 0  90 300 J = 1.4 
I J  = 1 2  - J 
I K  = I J  + 1 
P I V D T  = S E L ( I K r 1 K )  
2 59 
DO 300 K = l r I J  
C SEI - (  I K * K ) / P I V O T  
S E L ( I K * K )  = C 
DO 300 I = K I I J  
S E L ( I * K I  = S E L ( 1 r K )  - C * S E L ( I * I K )  
300 S E L ( K s 1 )  = S E L ( I * K )  
RETURN 
END 
SUaROUT I NE BCS 
L r T H I S  S U 9 R O U T I N E  R F 4 D S  THE BOUNDARY C O N D I T I O N  D A T A *  M O D I F I E S  THE 
C OVERALL S T I F F N E S S  Y A T ? I X  AND M A S S  Y 4 T H I X  ACCORDINGLY AND THEN 
C T % I A N G U L A R I t E S  THE S T I F F N E S S  FOR READY SOLUTION. 
C SWEAR S T R A I V  AhiD CURV4TURE MCDELS VARY Q U A D R A T I C A L L Y  AND L I N E A R L Y  
C ALONG CHORD L E N G T H *  R E S P E C T I V E L Y .  
C COMPLEX A R I T I M E T I C  F O P  L I N F A R  s # ' S C O E L A S T I C  MATERIALS.  
COMPLEX S % S T * A . f r V  
L O G I C A L  L R I  
COMMON / / NN*VE*VMS*NDOF*NBCI~LMtLRI*PI 
CCMMON / A % R A V /  S ~ 8 0 ~ B ) r S T 1 1 9 r 1 2 r 4 ) r X Y o r A ~ 6 ~ ~ 6 O ~ ~ E ~ 6 O ~ ~ I V ~ 6 O ~ ~  
C3MMON /NODGEO/ R ( 3 5 )  1 2 ( 3 5 )  
DINENSION h ( R ( 4 )  
I F t R t l ) . N E . O . O )  GO T O  100 
N L Y  = %LM - 1 
X M ( 1 )  = 0.0 
1FI .NOT.LRI I  GO TO 100 
NLM = NLM - 1 
X Y ( 3 )  = 0.0 
100 W R I T E  (292000) 
1 V t 9 0 )  
C READ K I N E Y 4 T I C  C O N S T R A I N T S  AND MODIFY OVERALL S T I F F N E S S  AND M4SS 
DO 300 I = lrNBC 
READ ( l r 1 0 0 1 )  N * ( Y R ( J ) r J = l r 4 )  
W R I T E  (2r20011 N r ( N R ( J ) r J = l r 4 )  
I J  = 4 * N  - 4 
DO 300 J = 1 9 4  
I F ( N R I J ) . E Q . O I  GO TO 300 
I K  = I J  + J 
S(IK*11 = (1.010.0) 
DO 203 K = 218 
S(IK*KO = (0.01O.0) 
L = I K  - K + 1 
I F ( L . L E . 0 )  GO 70 200 
S ( L * K )  = (0.OrO.Q) 
IF (J .EQ.4)  GO 13 300 
IF(J.EQ.3.AND..NOT.LRI)GO TO 300 
NL'4 5 NLM - 1 
X M ( i K )  0.0 
200 CONTINUE 
300 C O N T I N U E  
250 
I F  IUMSoGT.YLY) Y Y S  = NLM 
C T R I A N G U L A R I Z E  S T I F F N E S S  V A T R I X  
C A L L  DYBSLC(YDOF*8s80*SrVrl*l) 
QETURN 
1031 F 3 R M A T ( S I 1 0 )  
2000 F O R M A T ( / / 5 9 H O K I N E M A T I C  C O N S T R A I N T S  ( 0  = UNCONSTRAINED* 1 = CONSTRA 
1 I N E D )  / 
2 6 ~ r 4 H N O D E ~ 5 X r l O H Y E R I D I O N A L ~ 9 X l b H R A D I A L r 7 X ~ ~ H R O T A T l O N ~  
3 B X r ? H W A R P I N S / )  
2901 F 3 R Y A T ( I 1 ! 7 * 4 1 1 5 )  
E UD 
SU3ROUTINE E I G E N  
C T H I S  S'JSROUTIYE TFANSFORUS THE E I G E Y V A L U E  PROPLEY FRQY 
C K ( * ) ' U O  = O M * * 2 * Y ( * l * U 0  
C TO 
C A ( r ! * V O  = V 0 / 3 M * * 2  
C WHERE 
C K ( * !  = S T I F F Y E S S  M A T R I X  
C M ( r )  = D I A G O V A L  MASS M A T R I X  
C A ( * )  = M ( . ) * * O o S * F ( * ) + M ( * ) ' + 0 . 5  
r F ( r :  = F L E X I S I L T T Y  M A f 2 I X  AFTER CONDENSATION Ohi DEGQEES OF 
r V (  I = M (  r ) * * 0 0 5 + ~ J (  1 
L THE E I G E N V A L U E S  A40 NYS OF THE EIGENVECTORS ARE T r E N  COMPUTED. 
C C 3 Y P L E X  ARITHHETIC F 3 R  L I N E A R  VISCOELASTIC MATERIALS.  
C FREEDOY YOT CORRESPONDING 13 L u r w E r  MASSES 
r 
LC)GICAL L R I  
C3"PLEX S * S T  * E V E  r V  
C Q Y W Y  / A ? R A Y /  S ~ 8 0 r 8 ~ ~ S T ~ 1 9 r ~ 2 r 4 ~ r X Y ! 8 0 ) r A ~ 6 ~ ~ 6 @ ~ r E ~ 6 @ ~ r 1 V ~ 6 0 1 *  
C C ~ ~ ~ ~ O N  I I NN ,YE YMS WOF .NBC * ~ L M  *LR I .PI 
1 V ( 8 0 )  
Y = l  
3c 100 I = l r N L Y  
hl = Y + 1  
GO 13 50 
63 I V ( 1 )  = N 
r . COVPUTE I h 3 E X  VECTOR OF LUMPED MASSFS 
50 I F ( X V ( N ) - N E o O o O )  GC TO 60  
1q0 N = N+1 
c ASSEMBLE Y A T R I X  A ( * )  
OS 300 I = l r N L M  
30 200 J = l r N 3 0 F  
N = I V ( 1 )  
200  V ( J )  = ( ~ . o ~ o . o )  
V ( N )  = (100r0.0) 
C A L L  D Y S S L C ( Y D C F + e r B O * S * V * ~ * ~ )  
DO 390 J = I s Y L M  
L = I V ( J )  
A ( J r : )  = X U ( L ) * V ( L ) + X Y ( Y )  
300 A c I r J )  = A ( J r I )  
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C COMPUTE E I G E N V A L U E S  AND E I G E N V E C T 3 R S  
C COMPUTE AN3 P R I N T  NATIJRAL FREQUENCIES 
C A L L  A L L M ~ T ( A I € I N L M ~ ~ ~ ~ N C A L I N M S )  
'rlr7ITE ( 2 9 2 0 0 0 1  
I F ( N C A L * E Q e O )  GO T 3  500 
@O 400 I = l r ? J C A L  
E ( I )  = l . O / E ( I )  
E T A  = A I M A G ( E ( I ) ) / R E A L ( E ( I ) )  
€ ( I )  = C S Q R T f E ( 1 ) )  
DEC = AIYAG1E(I))*Z~O*PI/REAL(E(I)) 
PER = 2 * O * P I / R E A L ( E ( I ) )  
FREQ = l * C / P E R  
4 P O  W R I T E  ( 2 9 2 3 0 1 )  I r E ( 1 ) r F R E Q r P E R r C F C r E T A  
50C I F ( N C A L * L T * N L M )  " R I T E  ( 2 9 2 0 0 2 )  NCALINLM 
I F ( N Y S . G T o h C A L I  NYS = NCAL 
RETURN 
2000  FORPIAT f 50HlF iJNDAMENTAL F R E Q U E N C I E S  AND CORRESPONDING D A M P I N G  / /  
1 9H YODErllXrSHOYEGAr4Xr12HDECAY C O N S T * ~ ~ X ~ ~ O H O M E G A / Z * P I ~ ~ O X I  
2 b H P E S I O D r 7 X r 3 H L O G ~  D E C O ~ ~ X I ~ ~ H L O S S  FACTOR / 
3 ~ ~ X I ~ H ( R A D / ~ E C ~ ~ ~ X ~ ~ H ( ~ / S E C . ) ~ ~ X I ~ H ( C Y C / S E C ~ ~ I O X ~ ~ H ( S E C * ~ ~  
2331 F O R M A T ( ! 9 r 5 € 1 6 * 8 )  
2 0 0 2  F C R ~ A . T ( / / / 5 X r 2 8 H N O T E . .  CONVERGENCE FOR O N L Y r 1 3 r 3 H  O F 9 1 3 9  
1 2 1 H  P O S S I B L E  FREQUFNCIES 1 
E N 3  
SU8ROUT 1 NE SHAPES 
C T H I S  SUBROUTINE RECOVERS AND P R I N T S  THE COMPLETE MODE SHAPES. 
c COYPLEX A R I T H M E T I C  FOR L I N F A R  V I S C O E L A S T I C  MATERIALS.  
L O G I C A L  L R I  
REAL N U C r N U F  
COYPLEX SISTIAIEIV 
COYPLEX E C r G C r E F r G F r O F r D F r B C r C C  
C W P L E X  C r W (  1 2 )  
COYNON / / NNrVErYMSrNDOFrNBCrNLMILRr * P I  
COMMON /ARRAY/  S ~ B O r 8 ~ r S T ~ 1 9 r l 2 r 4 ~ r X M o r A ~ 6 0 r 6 O ~ r E ~ 6 0 ~ r I V ~ 6 0 ~ ~  
COMMON /NODGEO/ R ( 3 5 ) 9 2 ( 3 5 )  
CCMYON /PROPS/  H r D r H F r H C r E F r N U F r G F r E C I N U C I G C ~ 6 F r ~ F ~ ~ C ~ ~ C  
0 I : I E N S I O N  U (  1 2 )  
W R I T E  ( 2 r Z 0 0 3 )  
DO 800 I = I r N M S  
30 100 J = l r N D O F  
100 \'(J) ( O * O * O * O )  
DO 200 K = l r N L M  
L = I V ( K )  
200 V I L )  = C * X Y ( L I * A ( Y r I )  
1 V ( 8 0 )  
C = E ( I I * E ( I )  
C A L L  D Y f i S L C ( N D O F r B r B O r S r V r 2 r l )  
W R I T E  ( 2 r 2 O C O )  I 
DO 700 J = l r N E  
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I L  = 4*J - 4 
DO 300 K = 118 
I K  = I L  + K 
300 W ( K )  = V I I K )  
C RECOVER C O W E N S E D  D I S P L A C E M E N T S  
30 400 K = 114 
J K = K + 8  
I K  = J K  - 1 
W ( J K )  = (0.01000) 
DO 400 L = 1 1 1 K  
DO 5 0 0  K 1112 
U ( < )  = R E A L ( W ( K ) ) + C A B S ( W ( K ) ) / A B S I R E A L ( W ( K ) ) )  
GO TO 5 0 0  
400 W ( J K )  = W I J K )  - S T ( J I L I K I * W ( L )  
I F ( R E A L ( W I T ) ) . E Q o 0 . 0 )  GO TO 450 
4 5 0  U ( K )  = C A B S ( W ( Y ) )  
5PO C O N T I N U E  
c COYPlJTE A D D I T I O N A L  D I S P L A C E M E N T S  OF I N T E R E S T  AND P R I N T  
G 4 K I  = U ( 4 )  + U i 9 1  
GAMCJ = U ( B I  + U f l O )  
C H I S I  = (HC*GAMCI  + H F * U ( 9 ) ) / D  
C H I S J  = (HC+GAMCJ + H F * U ( l O ) ) / D  
C H I !  = L ) ( 3 )  + C H I S I  
C H I J  = U(7) + C H I S J  
G A Y 9  = U ( 1 1 )  - U ( 1 2 )  
C H I S O  = ( H C * I J ( l l )  + H F * U ( 1 2 ) ) / D  
7QO W R I T E  1 2 9 2 0 0 1 )  J I X ( J ) I Z ( J ) ~  
1 ~ ( ~ ) I U ( ~ ) I C H I I ~ U ( ~ ) ~ C H I S I ~ U ( ~ ~ ) I G A M C I I U ~ ~ ~ I  
2 C H I S O I G A M O I U ( ~ ~ ) ~ U ( ~ ~ ) I  
3 U(  5) IC( 6 1 * C H I  J * U (  7) * C H I  S J I U  I 9  1 IGAMCJIU( 10) 
800 W R I T E  ( 2 9 2 0 0 2 )  R ( N N ) r Z ( N N )  
RETURN 
2000 FORMAT( /18HOMODE SHAPE NUMBER r I 3 /  
1 5 H  N O D E I ~ X I ~ ~ H M E R I D I O N A L I  U I ~ X I ~ H R A D I A L I  W I Z X I ~ ~ H R O T A T I O N I  C H I I  
2 ~ X I ~ H C H I ( ~ ) ~ ~ X ~ ~ H C I I I ( S ) I ~ X ~ ~ ~ H W A R P I N G I  G A M I ~ X I B H C A M M A ( C ) I ~ X ~  
3 8HGAMMA ( F / 1 
2001 F O R M t T ( 8 H  E L E M E N T I I ~ I ~ ~ X I ~ H ( R I Z )  = I  F904rlH11F9.4 / 
1 4 X * l H 1 1 8 E l 5 0 7 /  
2 4 X 1 1 H 0 1 6 0 % 1 4 E 1 5 . 7 /  
3 4 X 1 l H J 1 8 E 1 5 0 7 / 1  
2002 F O R M A T ( S O X I ~ H ( ~ I Z )  = r F 9 0 4 1 l H 1 1 F 9 0 4  ) 
2303 F O R M A T ( 1 6 H l V I B R A T I O N  MQDES 1 )  
END 
SOBROUTINE D Y B S L C  ( N N I Y M I N D I M I A I B I K K K I L I M )  
C 
C DYBSLC IS AN S P E C I A L  I N - C O R E  BAND SOLVER FOR D Y N A M I C  PROBLEMS 
C I N V O L V I N G  CONDENSATION O F  R O T A T I O N A L  DEGREES OF FREEDOM. 
C S O L U T I O N  IS I N  COMPLEX MODE. 
C 
263 
C A D A P T E D  FROM A PROGRAM BY C e  A e  f E L 1 P P A e  
C 
COMPLEX A ( N D I M r 1 ) r  B ( l ) r  P I V O T ,  C 
NR = NN - 1 
I F  ! K K K . G T a l )  GC TO 300 
C 
C D E C O M P O S I T I O N  OF B A N D  M A T R I X  A 
C 
DO 200 N l r N R  
M = N - 1  
P I ' J O T  = A ( N r 1 )  
I F ( C A B S ( P I V O T ) . E Q o O o O )  P I V O T  = ( l o O E - 0 8 r  0.0) 
'4R = M I N O  (MMrNN-14) 
DO 200 L = 2 r M R  
C = A ( Q r L ) / P I V O T  
I F ( C A B S ( C ) . E a o O o O )  GO 10 200 
I = M + L  
J = O  
DO 180 K = L v M R  
J = J + I  
A ( N r L )  = C 
GO TO 50G 
180 A ( I 9 J )  = A ( I r J I  - C * A ( N r K )  
290 C O N T I N U E  
C 
C FORWARD R E D U C T I O N  OF VFCTOR B FROM B ( L I M )  TO E ( N )  
C AND B A C K S U B S T I T U T I O Q  FROM B I N )  TO B ( L I M )  
C 
300 D O  350 N = L I M I N R  
H = N - ,  
MR = MI.;: (MYvNN-M)  
C = B ( N )  
B t N )  = C / A ( Y r l )  
D O  350 L = 2 r M R  
I = M + L  
B(NN) = B ( Y Q ! / A ( N N I l )  
N S  = N N  - L1F.l + 1 
DO 400 K = 2 9 N S  
M = N N - K  
N = M + 1  
MR = M I N O  IMMrK) 
DO 400 L = 2 r M R  
I = M + L  
7 5 0  B(I) = B(1) - A ( N r L ) * C  
400 B(N1 = R(N) - A ( N t L ) * R ( I )  
500 R E T U R N  
E N D  
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PROG.AUTHORS JOHN R I N Z E L t R ~ E . F U N D E R L I C I U N I O N  C A R B I D E  CORP. 
NUCLEAR D I V I S I O N r C E N T ' \ L  DATA PROCESSING F A C I L I T Y 9  
OAK R I D G E  TENNESSEE 
SHARE L I B R A R Y  PROGRAM B F 2  OR AMAT W I T H  M O D I F I C A T I O N S  
A = I N P U T  M A T R I X  O F  ORDER AT L E A S T  M X M WHICP UPON RETURN CON- 
LAMDA = VCCTOR OF E I G E N V A L U E S  WHtRE L A M D A ( 1 )  CORRESPONDS TO 
T A I N S  THE EIGENVECTORS OF THE I V P U T  MATRIX.  
EIGENVECTOR STORED I N  A ( t 1 ) .  ARRANGED BY DECREASING ORDER 
OF ABSOLUTE VALUE. 
M = ORDER OF PROBLEM T O  BE SOLVED. 
I A  = F I R S T  D I M E N S I O N  OF A ( t )  I N  THF C A L L I N G  PROGRAM. 
NCAL = INTEGER C O N T A I N I N G  UPON RETURN THE NUWBER OF E I G E N V A L U E S  
CALCULATED. ( T H I S  VALUE WILL 9E L E S S  THAN M I F  CONVERGENCE 
IS NOT O a r A I N F D  FOR ONE OR MqRE EIGENVALUES.) 
I V E C  = INTEGER WHOSE VALUE I S  THE NUMBER OF EIGEhVECTORS TO BE 
C A L C U L A i F D .  THESE CORRESPOhO TO THE E I G E N V A L U E S  OF LOWEST 
MODULIJS 
COMPLEX A ( I A ~ l ) r H ( 6 0 r 6 0 ) r H L ~ 6 0 ~ 6 0 ~ ~ L A M B D A ( l ) r V E C T ~ 6 O ~ t  
L O G I C A L  I N T H ( 6 0 ) r T W I C E  
INTEGER I N T ( 6 0 ) r R t R P l t R P Z  




IF (M.GT.60)  GO TO 57 
I F ( N o N E o 1 ) G O  TO 1 
L A M B D A ( 1  ) = A (  1 9  1) 
A (  l r l  ) = l o  
GO TO 57  
1 I c o u N T = o  
S H I F T - 0 .  
IF (N.NE.2)GO T O  ' 
2 T E M P = ( A ( ~ ~ ~ ) + A ( ~ I ~ ) + C S Q R T (  ( A ( l t l ) + A ( 2 t 2 ) ) * * 2 -  
1 4 ~ * ~ A ~ 2 ~ 2 ~ * A ~ l r l ~ ~ A ~ 2 t l ~ * A ~ l t 2 ~ ~ ~ ~ / 2 .  
I F ( R E A L ! T E Y P I . N E . O . . O R ~ A I M A G ( T C ~ P ) ~ N E ~ O o ) G O  TO ? 
L A M B D A ( M ) = S H I F T  
LAMBDA(Y-l)=A(lrl)+A(2,2)+SHIFT 
GO TO 137 
I AMBDA ( M )  =TEMP+St i I  F T  
L A M B D ~ ~ M ~ 1 ~ ~ ~ A ~ 2 * 2 ~ * A ~ l r l ) - A ~ 2 r l ~ * A ~ l r 2 ~ ~ / ~ ~ A M B D A ~ M ) ~ S H I F T ~ + S H I F T  
GL) TO 1 3 7  
REDUCE M A T R I X  A TO HESSENBERG FORM 
NM 2=N- 2 
DO 1 5  R z l t N Y 2  
R P l = R + l  
RPZ=R+2 
I N T ( R ) = R P l  
ABIG=O. 
265 
DO 5 I=RPlrh( 
ARSSQ=REALIA( I r R I ) * * 2 + A I M A G ( A ( I t R ) l + r 2  
IF(ABSS3oLEeABIG)GO TO 5 




IFfINTERoEQoRPlIGO TO 8 
IF(481CoEQoO. )GO T O  15 
DO 6 I=RrN 
TEMPrA(RPlr1) 
A( RP1 r I ) = A  ( INTER r 1 
6 A(INTERsI)=TEMP 
DO 7 I = l r l . J  
TEMP=A(IrRPl) 
A( I rRPl) =A( I r INTER) 
7 A(IrINT€R)=TEMP 
8 DO 9 I=RP2rN 
9 A( IrR)=MULT( I )  
MULT( I )=A( I*R)/A(RPl,R) 
DO 11 I=lrRPl 
TEMF=O 0 
DO 10 J=RP2rN 
10 T E M P = T E M P + A ( I r J ) * Y U L T ( J )  
11 A( ItRPl)=A(I*RPl)+TEYP 
DO 13 I=RPZrN 
TEYP=Oo 
DO 12 J-RP2.N 
12 fEMP=TEMP+At I r J ) * Y U L T (  J )  
13 A(IsRPl)=A(lrRPl)+TE~~P-MULT(I)*~(RPlsRPl~ 
DO 14 I=RP2rN 




C CALCULATE EPSILON 
C 
EPS=0. 
DO 16 I = I , N  
16 EPS=EPS+CABS( A( 1 s  I ) 1 
DO 18 I=ZrN 
SUM=O 
I M l = I  -1 
DO 17 JZIWlrN 
I F ( SUM-GT EPS ) EPSt SUM 
EPS=SQRT(FLOAf(N))rEPS*loE-l2 
IF(EPSoEQoOo)EPS=loE-12 
DO 19 IrlrN 




20 IF(N.NE.1)GO TO 2 1  
LAYBDA(M)=A( 1 rl)+SHIFT 
GO TO 157 
21 IF(NoEQo2)GO TO 2 
266 
2 2  M N l = M - N + l  
I F ( R E A L ( A ( N r N )  ).NF.Oo.OR.AIMAG(A(NIN) ) .NEaO*) 
1 I F ( A B S ( R E A L ( A ( N I N - ~ ) / A ( N I N ) ) ) + A B S ( A I M A G ( A ( ~ I * N - ~ ) / ~ ( ~ * N ) ) ) - ~ ~ E - ~ )  
2 2492492'3 
2 1  I F ( A B S ( R E A L ( A ( N ~ N - ~ I ) ) + A B S I A I M A G ( A I N , N - ~ ) ) ) * G ~ * E ~ S ) G O  T O  2 5  
2 4  LAYBDA(MNlI=A(NrN)+SHIFT 
I COUNT =O 
N=N-1 
GO TO 21 
C 
C D E T E R M I N E  S H I F T  
C 
25 SHIFT(2)=IA(N-lrN-l)+A(N*N~+CS~RT( ( A ( N - l r N - l ) + A ( N r N ) I + * 2  
1 -4.*(A(NrNl*A(N-ltN-l)-~(~rN-l)*A(N-lrN)) ) ) / 2 e  
I F ( R E A L ( S H I F T ( 2 ) ) . N E . O . . O R ~ A I M A G ~ S H I F T ~ Z ) ~ ~ N E ~ ~ ~ ~ G O  TO 2 6  
SHIFT(3)-A(N-lrN-l)+A(NrN) 
GO TO 27 
2 6  S H I F T ( ~ ) = ( A ( N I N ) * A ( N - ~ ~ N - ~ ) - A O + A ( N - ~ ~ N )  ) / S H I F T ( Z )  
27 I F ( C A B S ( S H I F T ( ~ ) - A ( N , N ) ) O L T * C A ~ S ( S H I F T ( ~ ) - A ~ N ~ N ) ) ~ G ~  TO 2 8  
I N D E X = 3  
GO TO 29 
28 I N D E X = 2  
29 I F ~ C A B S ( A ( N - l r N - 2 l ~ o G F . E P S ) G O  TO 30 




GO TO 20 




C PERFORM G I V E N S  ROfATIONSr QR I T E R A T E S  
C 
I F ( I C O U N T o L E o 1 O ) G O  TO 32 
NCA L = M-N 
GO T@ 137 
T E M P l = A (  1 9  1) 
T E M P 2 = A ( Z r l )  
DO 36 R = l r N M l  
R P l = R + l  
RHO=SQRT(4EAL(TEMP1)**2+AIMAG~TEMPl)**2+ 
32 N M l = N - l  
1 R E A L ( T E M P 2 ) * * 2 + A I M A G ( T E M P 2 ) * * 2 )  
IF (RHOoEQ.Oo)GO TO 36 
COS=TEMPl /RHO 
SIN=TEMPZ/RHO 
I N D E X = M A X O ( R - l t l )  
DO 33 1 - I N D E X r N  
~ ~ Y P ~ C O N J G l C O S ~ * A f P r I ) + C O N J G ~ S I N ~ * A ~ ~ P l r I ~  
A ( R P l r I ) = - S I N ~ A ( R t I ) + C O S + A ( R P l r I )  
T E M P l = A ( R P l r R P I )  
T E M P Z = A ( R + Z 9 H + l )  
DO 34 I = l r R  
33 A ( R * I  )=TEMP 
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TEMP=COS+A~lrR)+SIN*4(IrRPl 
A( 1 r R P l )  =-CONJG1 SI Y )  + A t  1 r R )  
INDEX=MlNO(R+2rN)  
DO 35 I = R P l r l N D E X  
A ( I r R ) = S I N * A I I r R P l )  
34 A (  I rR)=TEMP 
35  AIIrRPl)=C~NJG(COS)+A(ItRPl 
36 CONTINUE 
I COUNT = I COUNT + 1 
GO TO 2 2  
C 









3 7  
38 
3 9  
40 
ARRANGE EIGENVALUES ACCORDING TO DESCENDING ABSOLUTE VALUE 
NCALFi = NCAL - 1 
DO 1 3 9  I = 1rNCALM 
K = I  
L = I + l  
DO 138 J = L r N C A L  
IF(CABS(TEMP)oGEoC4BS(LAMRDA(Jl)) GO TO 138 
TEr = LAMBDA(  I 
TEMP = LAMBDAtJ )  
K = J  
CONTINUE 
LAMBDA ( K  ) = LPMBD4 ( I 1 
L A Y B D A ( 1 )  = TEMP 
CONTINUE 
1F ’KoEQ. I )  GO T O  1 3 9  
CALCULATE VECTORS 
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